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Summary 


A  eemi -empirical  theory  is  presented  for  determining  the  spanwise  aerodynamic 
loading  on  a  single -bladed  helicopter  rotor  in  hovering  and  low-speed  forward  flight. 
The  theoretical  portion  of  the  method  employs  the  classical,  vortex  theory  for  which 
the  position  in  space  of  the  tip  vortex  is  required  for  analysis.  It  is  shown  that 
for  the  hovering  case,  the  position  can  he  theoretically  determined  to  a  good  degree 
of  accuracy  and  the  results  are  compared  with  experiment.  Eowever,  for  the  low- 
speed  forward  flight  case,  the  necessary  parameters  for  describing  the  position  in 
space  of  the  tip  vortex  were  determined  from  a  series  of  smoke  studies  in  which 
smoke  was  introduced  into  this  vortex  and  the  resorting  flow  patterns  were  photo¬ 
graphed.  Charts  are  presented  of  the  results  of  these  studies  and  a  semi -empirical 
method  is  developed  for  calculating  the  aerodynamic  loading.  Sample  calculations 
of  the  component  of  the  induced  velocity  normal  to  the  tip  path  plane  are  made  and 
the  spanwise  aerodynamic  leadings  are  computed  for  the  hovering  flight  case  and  for 
two  blade  azimuth  positions  in  forward  flight.  It  is  shown  that  the  integrated 
theoretical  loadings  in  all  cases  are  within  one  per  cent  of  the  measured  total 
thrust  and  that  the  shape  of  the  loading  curve  corresponds,  in  a  general  way,  with 
the  actual  shape. 
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Introduction 


There  has  been  much  effort  expended  on  the  basic  problem  of  the  determination 
of  the  variation  of  the  inflow  velocity  at  the  blades  of  a  lifting  rotor  in  hovering 
and  in  forward  flight.  A  review  and  discussion  of  most  of  this  work  except  for  the 
most  recent  may  be  found  in  either  of  references  1,  2  or  3*  At  present,  both  ex¬ 
perimental  and  theoretical  means  are  still  being  vigorously  employed.  For  instance 
references  U  through  9  are  indicative  of  the  experimental  work  that  is  being  carried 
out.  The  first  four  of  these  references  are  concerned  with  the  determination  of  the 
inflow  distributions  from  experimental  blade  pressure  measurements,  and  the  remaining 
two  are  devoted  to  the  direct  measurement  of  the  flow  field.  The  NACA  works  are 
very  Interesting  and  have  done  much  to  point  out  the  intricacies  of  the  flow  phenom¬ 
ena.  References  10  and  11  are  indicative  of  the  theoretical  approach  and  they,  too, 
have  made  notable  contributions  to  the  state  of  the  art.  The  former  of  these 
reports  adopted  a  rotor  wake  configuration  in  which  the  vortex  distribution  consist¬ 
ed  of  "a  straight  elliptic  cylinder  formed  by  a  uniform  distribution  of  an  infinite 
number  of  ->'ortex  rings  of  infinitesimal  strength,  lying  in  planes  parallel  to  the 
tip-path  plane  and  extending  down  stream  to  infinity";  the  latter,  a  wake  distribu¬ 
tion  of  concentric  elliptic  cylinders  similarly  formed.  ThiB  type  wake  pattern 
should  correspond  most  nearly  to  a  rotor  having  an  angular  velocity  of  rotation  and 
f.  blade  loading  such  that  the  inflow  velocities  are  very  small  in  comparison  with 
the  blade  tangential  velocity. 

Basically,  this  same  classical  vortex  concept  has  been  employed  in  this  paper 
but  at  the  other  extreme,  namely  for  a  moderately  loaded,  single-bladed  rot  -  from 
whose  tip  is  shed  a  single  vortex  equal  in  strength  but  opposite  in  sign  tc  Me 
strength  of  the  vortex  sheet  shed  inboard  along  the  blade.  As  is  well  known,  this 
fundamental  vortex  concept  of  a  lifting  surface  and  its  trailing  wake  of  vorticity 
has  been  applied  with  varying  degrees  of  success  to  the  problems  of  the  fixed  wing 
aircraft.  The  primary  reason  for  the  early  successes  of  this  approach  has  been  due 
to  the  fact  that  the  displacement  of  the  position  in  space  of  the  trailing  vortex 
sheet  associated  with  the  flow  field  induced  by  the  passage  of  lifting  surface 
has  been  small.  For  the  case  of  the  lifting  rotor  in  hovpvi-g  flignt  and  up  to 
moderate  rates  of  forward  flight,  this  is  obviously  not  true.  Neglecting  the  move¬ 
ment  of  the  vortex  system  can  lead  to  rather  serious  errors  in  the  distribution  of 
the  blade  aerodynamic  loading.  This  makes  it  necessary  that  the  induced  velocities 
of  rotation,  contraction,  and  translation  of  the  vortex  lines  making  up  the  wake  be 
Included  in  the  theory.  It  is  in  this  area  that  this  paper  presents  an  advancement 
in  the  aerodynamic  analysis  of  a  rotating  rotor  blade.  Apparently,  the  reason  vhy 
this  approach  has  not  been  taken  before  is  that,  as  it  will  be  shown,  the  calcula¬ 
tions  are  quite  lengthy  and  laborous.  However  the  advantages  would  seem  to 
overshadow  this  disadvantage  in  that  this  approach  yields  more  accurate  results, 
automatically  accounts  for  the  tip  losses,  and  yields  a  periodic  flow  field. 

There  does  not  appear  to  be  much  direct  background  material  for  this  approach. 
Goldstein,  in  his  famous  paper,  reference  12,  found  a  solution  to  the  problem  of 
the  "potential  flow  past  a  body  consisting  of  a  finite  number  of  coaxial  helicoids 
of  infinite  length  but  finite  constant  radius  moving  through  a  fluid  with  constant 
velocity".  Lock,  in  reference  13,  applied  Goldstein's  theory  to  the  practical  design 
of  propellers,  making  also  an  allov;ance  for  tip  loss.  Reference  14  considers  the 
motion  of  a  helical  vortex  extending  to  infinity  in  both  directions  and  the  conditions 
under  which  it  would  be  stable.  Reference  15  and  16  consider  a  loaded  propeller 
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vith  -i  small  number  of  unlades  with  helical  vortices  springing  fraa  the  tips  and 
r'ormiig  the  wake.  7. c'-eve-v*  the  vertices  are  assumed  to  neve  downstream  at  the  free- 
ntreua  velocity  and  t  u  ’nov^eaert  of  the  vortex  system  due  to  the  induced  flow  field 
£  n.. sleeted.  Perhaps  os  o  oriy  the  best  sources  is  Lamb's  F/drodynamlcs,  reference 
L7,  slnce  chapter  VII  of  J.his  ^k-ei'arence  provides  the  starting  point  for  the  follow¬ 
ing  ruialysis.  A 


Symbols 


local  slope  *jf  curve,  per  radian 

geometric  charts  teri^ti  es  in  wake  “equation 


local  blade  cho>*d,  ft. 

local  blade  section  lift  coefficient 

»  ,1  Z 

rotor  thrust  coefficient,  T-s-  (fvn  R  ) 

tip  vortex  strength  coefficient,  *r 
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S,V. 

k 

K,,KX 

K~r 


elliptic  lcoef  ral  of  the  second  kind 

I 

elliptic  integral  0f  the  first  kind 

pjin*’  pc  the  value  of  the  induced  velocity  is  desired 

point  of  tvng'  I  :r.cy  that  the  circle  of  radius  equal  to  the  radius 
of  curvature  i|  >f  the  helix  makes  with  the  helix 

integral*  Kf  fined  by  tqs.  A-22,  /i-23,  and  A-24 

defined.  by  '-if is.  E-12 

hovering  y/iignt  coefficients  in  vertical  displacement  equation 
of  tip  voffter 

If  - 

forward  >/  light  parameters  describing  the  displacement  of  the  tip 
vortex  formal  to  che  tip  path  plane,  (eqs.  B-3  through  B-9) 

forvar  !  flight  horizontal  motion  parameter  defined  by  eq.  B-2 


Reprodured  from 
best  available  copy 


.  i  j  .i  TT  ■  j.  ■ »  t ■  t « ■  i i » i  l  *  u i i .  t ; «  i. 1 i  v |.  A i».  i 1 U  t !' ^ 1 1.1  k1 1 ' 


TK9 


S' 


„ ,  „  .  ^  T*-<yjerri  •  s57V"-a« 


L, 


*V  ' 


'  -*  • 

L* 

II 

°. 

1 

•x. 

* 

• 

« 

1  * 

‘  J 

ii  ' 

i 

is 

*  K. .  -  K,  . 

V/ 

i/ 

Ember  of  helical  vortex  filaments  used  to  approximate  the  vortex 
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nuafaer  of  vortex  filaments  approximating  vortex  sheet  In  forward 

r> 

;* 

flight  analysis 

r 

radius  of  helical  tip  vortex,  ft. 

rk 

radial  distance  from  helix  axis  of  any  point  at  which  the  induced 

k-t* 

velocities  are  desired,  ft. 

* 

,y 

1  r 

rf 

radial  position  of  vortex  filaments  aB  defined  by  eq.  A-53,  ft. 

r. 

radius  of  point  on  helix  from  wake  axis  -axis),  ft. 
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radius  of  rrtor,  ft. 

$tjPa  >^i 

non-dimensional  induced  velocities  associated  with  tip  vortex 

non-dimensional  Induced  velocities  associated  with  vortex  sheet 
in  forwari  flight 
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t 

time,  measured  from  T»  ,  sec. 

t. 

time  required  for  wake  to  reach  steady  configuration,  sec. 

r 
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rotor  thrust,  lbe. 

1 

u. 

radial  velocity  component  associated  with  vortex  sheet  in  forward 
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flight,  ft/sec. 
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radial  induced  velocity  associated  with  lifting  line,  ft/sec. 
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radial  induced  velocity  associated  with  tip  vortex,  ft/sec. 
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induced  velocity  components  parallel  to  -axes  respectively, 
ft/sec. 

tangential  induced  velocity  component  associated  with  vortex 
sheet  in  forward  flight,  ft/sec. 

velocity  along  flight  path,  ft/sec. 

induced  velocity  component  along  2  -axis  that  is  associated  with 
the  vortex  sheet  in  forward  flight,  ft/sec. 

axial  induced  velocity  associated  with  lifting  line,  ft/aec. 

axial  induced  velocity  associated  with  tip  vortex,  ft/sec. 

non-dimensional  blade  station,  "*\/R 

non-dimensional  blade  station  at  which  vortex  filament  is  shed 
in  hovering  flight 

non-dimensional  blade  station  at  which  vortex  filament  is  shed  in 
forward  flight 

coordinates  of  point,  H  ,  at  which  the  value  of  the  induced 
velocity  is  desired,  ft. 

coordinates  of  centerline  of  helical  tip  vortex,  ft. 

axes  fixed  to  center  of  curvature  of  the  helix:  X  -axis  lies  along 
the  radius  of  curvature  of  the  helix;  Y  -axis  lies  in  plane  of  the 
circle  determined  by  radius  of  curvature 

axes  fixed  in  space  with  3^  -axis  lying  along  the  helix  axis. 

Point  lies  on  X^  -axis 

axial  displacement  of  vortex  filaments  as  defined  by  eq.  A-52,  ft. 

axial  distance  of  any  point  at  which  the  induced  velocities  are 
desired  from  helix  axis  in  hovering  flight,  ft. 

displacement  of  point  on  tip  vortex  normal  to  tip  path  plane,  ft. 

in  hovering  flight,  the  azimuth  angle  of  any  point  at  which  the 
induced  velocities  are  desired  from  the  -axis,  radians 

in  forward  flight,  the  angle  of  attack  of  the  tip  path  plane, 
positive  below  tip  path  plane,  degrees 

shaft  angle  of  attack,  positive  for  forward  flight  velocity  com¬ 
ponent  in  negative  tl  -direction  (i.e.  upward),  degrees 
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blade  coning  angle,  degrees 

in  hovering  flight,  the  angle  variable  of  integration  measured 
from  X  -axis  in  plane  of  circle,  radians 

in  forward  flight,  the  azimuth  position  of  a  point  on  the  helix 
from  downwind,  positive  in  direction  of  rotation,  ®  <  ¥  *air,  radians 

the  angle  between  X  -axis  and  the  point  measured  about  the 
£  -axis,  radians 

radius  of  core  of  tip  vortex,  ft. 

local  collective  blade  pitch  angle,  radians  unless  otherwise  noted 
blade  root  collective  pitch  angle,  radians  unless  otherwise  noted 
strength  of  tip  vortex,  sq.ft. /sec. 
exponents  in  wake  equation  .  _ 
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advance  ratio  along  flight  p*th 


.  V/o-R 


in  hovering  flight,  the  angle  about  wake  axis  (i^-axis)  between 
X-axis  and  -axis,  radians 

in  forward  flight,  the  azimuth  position  from  the  blade  feathering 
axis  of  the  point  ir  space  at  which  the  value  of  the  inflow 
velocity  is  desired,  positive  in  direction  opposite  to  blade 
rotation,  radians 

axes  fixed  to  point  (Xfij'V  with  ^  -axis  lying  along  X^  -axis  and 
>1  -axis  lying  in  -plane 

mass  density  of  air,  slugs  per  cubic  ft. 

radius  of  curvature  of  helix,  ft. 

3  x1  +  ij* 

•  x“  +  y* 

distance  between  the  point  (*/¥*?)  and  a  general  point  the 

helical  vortex,  ft. 
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least  distance  from  point  (X,?,*)  to  the  tangent  circle,  ft. 

greatest  distance  from  the  point  ($'}$  to  the  tangent  circle,  ft. 

pitch  angle  of  central  curve  of  helical  vortex,  radians 

wake  skew  angle,  angle  lying  in  the  longitudinal  plane  between 
the  no-feathering  axis  and  the  extended  trailing  edge  of  the 
wake,  radians 

azimuth  position  of  blade  feathering  axis,  measured  in  direction 
of  rotation  from  downwind,  ®  *  t’iW,  radians 

azimuth  position  of  a  point  on  the  helical  tip  vortex  measured 
from  blade  feathering  axis,  positive  in  direction  opposite  to 
blade  rotation,  radians 

angular  induced  velocity  associated  with  lifting  line,  radians/sec. 
angular  induced  velocity  associated  with  tip  vortex,  ndians/sec. 

*  “n m/a 

angular  velicity  of  blade,  radians/Bec. 
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vortex  filament 
lifting  line 
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tip  vortex 
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Introduction 

In  this  section  a  theoretical  method  of  determining  the  blade  s pairwise 
aerodynamic  loading  of  a  single -bladed  helicopter  rotor  which  is  based  on 
the  classical  vortex  theory  will  be  developed  and  the  results  compared  with 
the  experimental  data  of  reference  18.  It  was  ehovn  in  that  reference  that 
the  integral  equations  derived  therein  for  the  inflow  velocities  Ha^  to  be  eval¬ 
uated  by  either  numerical  or  graphical  means.  Since  this  report  was  published, 
a  method  has  been  devised  for  evaluating  these  integrals  in  a  piece-wise  man¬ 
ner.  Then  the  inflow  velocity  at  any  point  is  the  sum  of  these  piece-vise  In¬ 
tegrals  taken  over  the  extent  of  the  vortex. 

Theoretical  Analysis 

As  before,  a  single-bladed  rotor  will  he  considered  in  which  the  kia^ 
is  replaced  by  a  lifting  line  of  the  proper  circulation  distribution.  The 
wake  will  he  considered  to  be  composed  of  two  parts:  a  single  vortex,  shed 
from  the  blade  tip,  of  finite  size  and  of  strength  equal  to  the  mflYimim  value 
of  the  lifting  line  circulation;  and  a  vortex  sheet,  shed  Inboard  Along  the 
blade  from  the  point  of  maximum  lifting  line  circulation,  and  equal  in  strength 
to  the  change  in  circulation  of  the  lifting  line  along  the  span.  This  wake  con¬ 
figuration  is  modeled  after  the  observed  configuration  as  obtained  from  smoke 
studies  as  shown  in  figure  1. 

In  the  analysis.  It  will  be  assumed  that  the  rotor  has  been  hovering  for 
a  sufficient  length  of  time,  t#  ,  so  that  the  wake  has  reached  its  steady 
state  configuration.  In  addition,  the  blade  will  be  taken  to  be  perfectly  rigid 
with  a  zero  coning  angle. 

It  will  be  assumed  that  the  presence  of  the  vortex  Bheet  In  the  flow  field 
has  negligible  effect  on  the  motion  of  the  tip  vortex.  Then,  specifying  the 
vortex  strength  coefficient,  completely  specifies  non-dimensionally  the  entire 
flow  field  associated  with  the  helical  tip  vortex.  For  according  to  Lamb, 
reference  17,  the  induced  velocity  components  associated  with  an  Isolated  re¬ 
entrant  vortex-filament  situated  in  an  infinite  mass  of  Incompressible  fluid 
which  is  at  rest  at  Infinity  axe 


(A-i-a) 
(A'i~  0 
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where  the  integration  must  be  performed  over  the  entire  length  of  the  vortex  and 
&  (V,  *3/  *0  defines  the  point  in  the  flow  Held  under  consideration 

(points  within  the  vortex  core  are  excluded  from  the  analysis  unless  it  Is  stated 
otherwise),  t(*/,  >  a  v&r-able  point  on  the  helix,  £  (rho) 

B 


the  distance  between  the  two  points,  and  XC  (kappa)  the  strength  of  the  vortex. 
Now,  in  order  to  utilize  these  equations,  it  is  necessary  to  know  the  position  in 
space  of  the  vortex.  From  some  smoke  studies  which  were  discussed  in  reference  18, 
it  was  observed  that  the  radius  of  the  helical  vortex  as  a  function  of  its  azimuth 
position  from  the  blade  may  be  closely  appraxi. lated  by  the  relationship 

r  .  R[/+  8e-xat^.at  +  C«- A‘axJ  ,  . 


and  that  the  tangent  of  the  helix  angle,  <p  ,  may  also  be  closely  approximated  by 
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where  A,  B,  C,  K^,  K2,  4,  and  4^  are  the  geometric  parameters  to  be  determined. 


In  reference  18,  the  integral  equations  were  developed  for  the  motion  of  the 
helical  vortex ;  for  the  general  case  of  any  point  in  the  flow  field;  and  for  the 
special  case  of  the  feathering  axis  of  a  rigid  blade  with  no  built  in  coning.  As 
pointed  out  before,  these  integrals,  in  the  form  in  which  they  were  given,  could 
only  be  evaluated  by  numerical  or  graphical  means.  For  this  reason,  it  was  not 
feasible  to  try  to  theoretically  evaluate  ail  the  geometric  parameters.  It  vas 
shown  that  1C,  could  be  evaluated  in  the  ultimate  wake  and  that  A  and  C  could  be 
very  easily  evaluated  from  simple  momentum  considerations,  so  that 


A  *  * 

£ 

R 

(A-4) 

C  =  .293  - 

t 

R 

(A-5) 

where  C  is  the  radius  of  the  cross-section  of  the  tip  vortex.  The  remaining 
parameters  were  determined  from  a  series  of  smoke  studies.  The  result  was  a 
semi -empirical  theory  for  calculating  the  spanwise  aerodynamic  loading  of  a  s ingle - 
bladed  rotor. 


However,  if  the  helix  is  considered  to  be  made  up  of  circular  arcs  of  radius 
pual  to  the  radius  of  curvature  of  the  helix  and  lying  in  the  plane  defined  by 
the  tangent  line  and  the  principal  normal  to  a  point  on  the  helix,  then  the  re¬ 
sulting  integral  equations  may  be  Integrated  over  an  interval  +  A  ¥  and  then 
summed  over  the  entire  length  of  the  helix. 

In  figure  2,  the  X ^  #  ,  axes  are  fixed  in  space  with  the  axis 

lying  along  the  helix  axis.  The  exes  are  fixed  to  the  point  under  con¬ 
sideration,  G  ,  with  the  S  axis  lying  along  the  axis,  and  the  axis 

lying  in  the  X^  ^  plane.  The  X*}?  axes  are  fixed  to  the  dashed  circle  which 

is  tangent  to  the  helix  at  the  point  H  .  The  radius  of  this  circle  is  equal  to 

the  radius  of  curvature  of  the  helix  at  that  point,  xhe  X  axis  intersects  the 
^  axis  and  intersects  the  circle  and  helix  at  the  point  of  tangency,  and  is 
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parallel  to  the  Xk  'Jj  plane.  The  axis  makes  an  angle  f  (the  helix 
pitch  angle)  with  the  XI  plane.  The  angle  3)  Is  measured  from  the  Xt 
axis  to  the  projection  of  the  X  axis  in  the  Xk  *$k  plane.  The  angle  y 
is  measured  from  the  X  axis  in  the  plane  of  the  circle. 


Then  the  coordinates  of  the  point  6  in  the  X ^  ?  coordinates 
T  and  5J  measured  from  the  helix  axis. 
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The  coordinates  of  the  segment  of  the  helical  vortex,  now  considered  to  be  a  cir¬ 
cular  arc  are 
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Ohe  other  terms  in  equations  (A-l)  are  as  follows. 
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is  the  least  distance  from  the  point  G  to  the  circle  M  , 
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Hie  incremental  velocity  components  at  the  point  6  associated  with  the 
circular  arc  vortex  segment  are  found  "by  substituting  the  above  expressions  into 
equations  (A-l). 
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these  last  three  equations  are  still  rigorously  correct  for  graphical  integra¬ 
tion. 
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Integrating  the  three  kinds  of  integrals  appearing  in  the  above  equations  yields 
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the  ,4  iduced  velocity  components  At  the  point  on  the  helix  under  consideration 
in  the  ultimate  wake  may  be  expressed  as 
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Of  the  seven  geometric  parameters.  A,  B,  C,  X,  ,  A*  ,  ^  ana  Kg  ,  three 

have  now  been  determined;  i.e.  A,  C,  and  J^.  In  order  to  determine  the  other^  It 
is  necessary  to  make  the  assumption  that  Jy«  J  4 

.  3x  *  3*  '  0 

(which  is  acceptable  for  helicopter  rotors  because  9  is  usually  small),  since 
it  is  required  that  be  independent  of  *Y  in  order  that  the  integration 

over  the  arc  may  be  performed.  Then  for  the  same  intervals  ^f  D  and  V  as 
before,  the  incremental  induced  velocity  equations  become  as  follows 
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The  calculated  contribution  of  the  lifting  line  on  the  motion  of  the  tip  vortex 
must  now  be  included.  The  accuracy  of  the  distribution  of  the  circulation  along 
the  blade  span  should  not  be  too  critical,  so  that  in  this  instance,  it  will  be 
assumed  to  be  triangular,  i.e.  -  —  X  .  Then  in  a  similar  manner  as 
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Performing  the  integrations  yields  the  velocity  component  expression  as  follows 
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However,  the  smoke  studies  show  that 
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Now,  since  equations  (A-3l)  include  the  effects  associated  with  both  the  lifting 
line  and  the  tip  vortex  itself, 
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Substituting  equations  (A-29),  (A-30),  and  (A-3l)  into  the  preceeding  expressions, 
yields  three  equations  in  the  four  unknowns  B,  Aj  ,  Aj  ,  and  K^. 
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yields  the  required  fourth  expression.  Theoretically,  these  four  expressions  may 
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be  solved  similtaneously  for  the  four  remaining  geometric  parameters,  but  prac¬ 
tically  it  is  quite  impossible,  at  least  by  ordinary  computation  procedure,  i.e. 
desk  calculators.  However,  by  making  some  additional  assumptions,  it  is  possible 
to  determine  reasonably  accurately,  two  of  the  remaining  four  parameters. 
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It  is  obvious  from  the  radial  velocity  equation,  that  a  radial  velocity  arises 
at  a  point  on  the  helix  entirely  according  to  the  proximity  of  that  point  to  the 
end  of  the  helix.  It  is  also  obvious  that,  in  general,  the  further  away  the  point 
under  consideration  is  from  a  particular  vortex  segment  the  less  is  the  latter's 
associated  incremental  velocity.  Thus,  if  the  point  under  consideration  is  taken 
to  be  about  one  rotor  radius  beneath  the  rotor,  then  any  reason,  hie  variation  of 
the  position  in  space  of  the  first  coil  under  the  rotor  from  its  actual  position 
should  cause  small  error  in  the  calculation.  From  the  smoke  studies,  it  appears 
that  a  reasonable  approximation  is  to  take 
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Now  it  becomes  feasible  to  determine  the  exponent  Ag,  by  considering  the 
radial  velocity  equation  at  a  point  on  the  helix  at  a  distance  of  approximately 
one  rotor  radius  below  the  rotor  and  an  azimuth  angle  from  the  blade  of  some 
multiple  of  iiT  ,  the  latter  depending  upon  the  value  of  K*  ,  so  that 


J 3 t - 2T^ 


where 


e  is  the  nearest  whole  number  to  (~~^r*  +  ^  ). 

From  equations  (A-29-a)  and  (A-35) 
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where  the  subscripts  define  the  limits  of  integration  as  follows 
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and  4,  j  ***  <fi*.  are  defined  by  equations  (A-l4),  (A-l6)  and  (A-17  respec¬ 
tively.  This  equation  must  now  be  solved  by  assuming  various  values  of  until 

the  left  side  of  the  equation  equals  the  right  side. 
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Once  has  been  determined,  it  is  possible  to  obtain  a  similar  soluti 
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and  from  equation  (A-29-b) 
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where  the  subscripts  define  the  limits  of  integration  as  follows 
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and  h,  ,  PiM  ,  and  Pt^  are  as  before.  Solving  equation  (A-38)  by  trial  and 
error  yields  the  desired  value  of  K,  .  Thus  it  has  been  shown  that  by  neglecting 
the  term,  it  is  possible  to  evaluate  the  remaining  geometric 

parameters.  Now  the  equations  will  be  developed  for  the  inflow  velocity  associat¬ 
ed  with  the  tip  vortex  and  the  lifting  line  at  any  point  in  the  flow  field. 

Using  the  same  coordinate  system  as  before,  it  will  be  assumed  that  the 
axis,  §  axis  and  blade  feathering  axis  (or  lifting  line)  are  coincident.  Let 
7J  be  the  radial  distance  from  the  helix  axis;  c C  ,  the  azimuth  angle  from 

the  axis;  and  s.Q  ,  the  axial  distance  from  the  plane  of  the 

point  under  consideration.  Then  the  coordinates  of  the  point  with  respect  to  the 
XYZ  axes  are 
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As  before  the  coordinates  of  the  circular  arc  segment  of  the  helical  vortex  aj 


/'  =  coa-j 


<2 1  =  v*  4*6  K 


a  =  o 


(4-^3- 


(A-V3- 


Following  the  seme  procedure  as  before  yields  the  incremental  inflow  velocity 
equations .  a 
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and  the  remaining  terns  are  as  defined  previously.  It  should  be  noted  that  in  some 
cases  it  is  possible  for  -P,  to  be  larger  that  -P*  .  In  these  cases,  the 

analysis  leading  up  to  equation  (A-lV)  must  be  done  over  so  that  the  condition 

*  ~li  5 1  remains  true.  The  procedure  is  obvious  and  therefore  will  be  omitted 
here.  Performing  the  integrations  over  the  same  intervals  as  before  yields 
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where  the  subscripts  define  the  limits  of  integration  as  follows,  for 
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Substituting  etro  in  the  preceeding  equations  and  for  0<  Tj  JR 
the  inflow  velocity  components  at  the  blade  feathering  axis. 


yields 


With  the  same  assumptions  of  the  circulation  distribution  along  the  blade 
feathering  axis  as  before,  the  velocity  components  associated  with  the  lifting 
line  become 
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The  Inflow  velocity  at  any  point  la  then 
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Having  determined  the  entire  flow  field  assoc  la"  d  with  the  tip  vortex  and 
the  lifting  line,  it  is  now  possible  to  determine  the  flow  field  associated  with 
the  vortex  sheet  and  hence  the  aerodynamic  spanwise  loading  of  the  blade.  The 
method  is,  by  necessity,  a  step  by  step  process  starting  at  the  blade  tip  and  work¬ 
ing  inboard.  The  sheet  will  then  be  approximated  by  Ad  helical  vortex  filaments 
of  strength  equal  to  one  -  At  th  the  strength  of  the  tip  vortex  and  of  appropriate 
spacing  along  the  blade  feathering  s'cis.  Assuming  that  the  velocity  components 
associated  with  a  given  helical  vortex  filament  are  negligible  for  points  of  equal 
or  greater  radial  distance  from  the  wake  axis  allows  the  spanwise  location  of  the 
separation  of  the  first  vortex  filament  inboard  of  the  tip  vortex  to  be  calculated 
from  the  equation 

(ttJ  =  **)  [•  -  wd  (*-*) 


where  a.  is  the  local  lift  curve  slope;  X  ,  the  local  blade  chord;  X '  , 

the  non-dimensional  blade  station;  and  0  ,  the  local  collective  blade  pitch  angle. 

Since  the  entire  flow  field  associated  with  the  tip  vortex  and  lifting  line 
has  been  determined,  it  is  possible  within  the  assumptions  to  calculate  to  a  good 
degree  of  accuracy  the  position  in  space  of  the  helical  vortex  filament  under  con¬ 
sideration.  Then  the  associated  velocity  components  of  this  helical  vortex  may 
be  determined  in  a  manner  similar  to  that  of  the  tip  vortex.  These  results  may  be 
added  to  the  flow  field  of  the  tip  vortex  for  the  calculation  of  the  spanwise  po¬ 
sition  of  separation  of  the  second  vortex  from  the  tip.  The  foregoing  method  is 
repeated  until  the  blade  root  is  reached,  at  which  point,  the  remaining  circulation 
is  assumed  to  separate. 

These  calculations  yield  the  inflow  velocities  along  the  blade  span  so  that 
from  the  blade  element  theory,  the  spanwise  aerodynamic  loading  becomes, 
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These  calculations  should  he  performed  only  at  the  points  of  separation,  other¬ 
wise  an  appreciable  error  in  local  blade  loadings  will  result. 

The  preceeding  outlined  analysis  is  quite  long  and  laborious.  By  making  a  few 
reasonable  assumptions,  it  is  possible  to  eliminate  a  great  many  of  the  calcula¬ 
tions  and  still  maintain  acceptable  accuracy  in  the  results.  In  this  case,  Jt  Is 
necessary  to  calculate  only  the  axial  velocity  components  at  the  blade  feathering 
axis  and  along  a  radius  in  the  ultimate  wake.  (For  nonrally  loaded  helicopter  rotors 
the  rotational  component  is  negligible)  Assuming  that  the  vortex  filament  shed  at 
a  given  blade  radius  maintains  its  relative  position  with  respect  to  the  wake  bound¬ 
ary  makes  the  calculation  of  the  radial  velocity  components  unnecessary.  In  ad¬ 
dition,  neglecting  the  lifting  line  increment  and  assuming  that  the  mass  flow  Is 
constant  through  an  annulus  at  the  tip  path  plane  and  an  annulus  at  the  same  re¬ 
lative  radius  in  the  wake  yields  a  reasonable  approximation  to  the  actual  position 
in  space  of  the  particular  vortex  filament  under  consideration.  For  example,  these 
assumptions  give 
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where  is  the  blade  station  at  which  the  vortex  filament  is  shed  and 

^  is  the  axial  velocity  of  the  flow  at  the  corresponding 

point  in  the  ultimate  wake. 


As  before,  the  vortex  sheet  will  be  assumed  to  be  approximated  by  ft  vortex 
filaments  of  strength  (except  for  the  one  shed  at  the  blade  root).  Then 

having  calculated  the  axial  velocity  components  associated  with  the  tip  vortex 
along  the  blade  feathering  axis  and  along  a  radius  in  the  ultimate  wake  and  having 
neglected  the  rotational  components,  the  point  at  which  the  first  vortex  filament 
inboard  of  the  tip  is  shed  may  be  calculated  from  the  equation 
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or  for  the  general  case 
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Following  the  previous  procedure  fvi-r*  •* 

with  a  helical  vortex  yields  the  ayioi  velocity  components  associated 
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and  the  subscripts  define  the  limits  of  integration  as  follows 
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For  the  ultimate  wake  the  axial  component  at  the  radial  station  j?  inboard  of  and 
associated  with  the  mth  vortex  filament  is  . 
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where  the  limits  of  Integration  are 
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New  calculating  equations  (A-55),  (A-56),  and  A-57)  in  turn  yields  the  axial 
component  of  the  inflow  velocity  along  the  blade  feathering  axis  and  hence  the 
blade  spanwise  aerodynamic  loading  becomes 
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This  is,  of  course,  the  desired  result  of  the  analysis. 


Calculations  and  Discussion 

Since  the  calculations  are  very  time  consuming,  it  was  not  feasible  to  determine 
the  theoretical  variations  of  all  the  various  tip  vortex  geometric  parameters  with 
vortex  strength  coefficient.  However,  in  order  to  check  the  approach,  the  variations 
of  and  were  determined.  To  make  these  computations,  it  was  necessary  to  deter¬ 
mine  the  radius  of  the  vortex  core,  which  is  very  difficult  to  do  theoretically. 

The  smoke  pictures  showed,  qualitatively,  that  the  radius  of  the  core  increased  with 
vortex  strength  coefficient  and  with  azimuth  position  from  the  blade.  It  was  found 
that  if  the  core  radius  at  the  blade  tip  was  taken  to  be 


and  if  the  variation  with  azimuth  position  from  the  blade  was  taken  to  be 
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then  the  agreement  of  the  theoretical  values  of  and  K*  with  experimental  values 
was  very  good.  In  addition,  these  values  of  vortex  core  radius  compared  in  a 
qualitative  manner  with  the  experimental  evidence.  The  core  diameter  could  not  be 
determined  from  the  smoke  PiS&iPes  because  it  was  not  possible  to  distinguish  the 
rotational  part  of  the  vortejyfrom  the  irrotational  part. 

The  wake  contraction  exponent,  ,  was  determined  from  equation  A-37  and  is 
plotted  in  figure  3.  The  ultimate  wake  helix  pitch  angle  parameter,  K*  ,  was 
determined  from  equations  A-26,  A-27,  and  A-28  and  is  plotted  in  figure  4.  As  can 
be  seen  from  these  figures,  the  agreement  between  theoretical  and  experimental 
values  is  quite  good. 

The  method  of  computing  given  in  this  paper  was  compared  with  the  numerical 
integration  method  of  reference  18  by  comparing  the  values  obtained  from  the  calcu¬ 
lations.  It  was  found  that  the  values  were  identical  to  three  significant  figures. 
This  shows  that  the  replacement  cf  a  quadrant  of  the  helix  with  a  circular  arc 
yields  a  good  approximation  over  the  interval  of  integration. 

The  theoretical  variation  of  vortex  strength  coefficient  with  thrust  coeffi¬ 
cient  is  given  in  figure  5*  This  curve  was  determined  by  calculating  the  strength 
of  the  bound  vortex  at  the  90  percent  blade  radius  and  then  making  the  assumption 
that  this  entire  circulation  was  shed  at  the  blade  tip,  thereby  forming  the  tip 
vortex. 

It  was  stated  in  reference  18  that  the  blade  collective  pitch  angles  appeared 
to  be  about  one-half  degree  too  large  but  that  it  was  not  possible  to  determine 
the  source  of  this  error.  Subsequent  to  the  publication  of  this  reference,  the 
source  of  the  error  was  found  60  that  the  axial  induced  velocity  distribution  and 
aerodynamic  loading  along  the  blade  feathering  axis  have  been  recalculated  and  are 
presented  in  figures  6  and  7-  Since  the  original  results  were  obtained  by  a 
numerical  integration,  this  same  method  was  used  to  recalculate  the  axial  components 
of  induced  velocity.  In  this  case,  it  was  assumed  that  the  strength  of  the  blade 
bound  vortex  varied  in  a  linear  manner  from  a  maximum  at  the  blade  tip  to  zero  at 
the  axis  of  rotation.  The  resulting  vortex  sheet  was  replaced  by  finite  helical 
vertex  filaments  starting  at  the  O.9O  blade  station  and  at  intervals  of  0.10  until 
the  blade  root  was  reached  at  the  0.22  blade  station  at  which' point  the  remaining 
strength  was  shed.  The  motion  of  the  vortex  filament  from  the  O.9O  blade  station 
was  determined  approximately  and  its  associates  velocity  field  was  determined  non- 
diraensionally  by  numerical  integration.  It  was  assumed  that  the  remaining  inboard 
vortex  filaments  had  the  same  relative  motion  and  hence  the  same  ncn-aimensional 
velocity  field  as  this  filament.  The  axial  induced  velocities  could  then  be  found 
along  the  blade  feathering  axis  by  adding  the  contributions  from  the  whole  vortex 
system.  The  axial  induced  velocities  are  plotted  in  figure  6  and  compared  with  the 
values  obtained  by  the  method  of  Goldstein  and  Lock  and  from  simple  momentum  con¬ 
siderations.  The  uerodynamic  loadings  were  calculated  for  the  induced  velocities  of 
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this  paper  and  that  of  Goldstein  and  Lock  and  are  presented  in  figure  7*  As  can  be 
seen,  the  method,  of  this  paper  yields  an  integrated  thrust  which  is  very  close  to  the 
experimental  value  whereas  the  method  of  Goldstein  and  Lock  is  about  ten  percent  low. 
There  are  no  experimental  pressure  distributions  for  a  single-bladed  rotor  available 
so  that  a  comparison  of  loadings  is  not  possible. 

The  method  presented  in  this  paper  was  used  to  calculate  the  velocity  associated 
with  the  tip  vortex  at  a  point  on  the  blade  feathering  axis  and  the  result  was  com¬ 
pared  with  the  value  obtained  by  numerical  integration.  It  was  found,  as  was 
expected,  that  the  replacement  of  the  helix  with  quadrants  of  a  circle  (except  for 
the  first  segment  starting  from  the  blade  tip  which  was  replaced  by  a  45°  arc)  re¬ 
sulted  in  an  error  of  over  ten  percent.  By  replacing  only  the  first  segment  with 
10°  arcs  (except  for  the  segment  starting  from  the  blade  tip  which  was  replaced  by 
a  5°  arc)  the  e.iror  was  reduced  to  a  few  percent.  Further  reduction  in  size  of  the 
arcs  will,  f  course,  decree se  the  error.  In  all  cases,  A  sample 

calculatioi  for  smal  1  arcs  showed  this  to  result  in  negligible  error. 
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Part  B.  An  Isolated  Rotor  in  Forward  Flight 


Introduction 


The  forward  flight  case  presents  many  moie  difficulties  than  did  the  hovering 
flight  case.  In  the  latter,  the  flow  field  was  steady  with  respect  to  the  blade 
whereas  in  forward  flight,  the  flow  varies  periodically  and  the  helix  pitcn  angle 
varies  quite  radically  with  azimuth  position,  particularly  for  the  higher  advance 
ratios.  For  these  reasons,  a  theoretical  solution  similar  to  that  in  Part  A  does 
not  appear  to  be  feasible.  Therefore,  the  analysis  of  the  blade  spanwise  aerody¬ 
namic  loading  becomes,  of  necessity,  a  semi -empirical  process  in  which  the  geometric 
parameters  must  be  determined  from  and  the  required  simplifying  assumptions  based 
on  a  series  of  smoke  studies.  These  smoke  studies  and  their  results  will  be  dis¬ 
cussed  in  the  following  sections. 


Description  of  Apparatus  and  Testing  Procedures 


The  model  rotor  and  thrust  stand  were  the  same  as*  those  used  in  reference  18. 
The  single,  counter-balanced  blade  had  the  following  characteristics. 


Radius  - — — — — — - — — —  1*.  feet 

Chord - - - - -  0.5  feet  (Constant) 

Airfoil  section  (no  twist  or  taper)  -  NACA  0015 

Rotor  solidity  ratio  - - -  0.0U0 

p 

Blade  flapping  moment  of  inertia -  O.67  slugs-  ft 


The  blade  collective  pitch  angle  could  be  pre-set  manually  at  any  desired  angle  be¬ 
tween  zero  and  fifteen  degrees.  The  blade  was  allowed  to  flap  about  a  zero  offset 
axis  in  order  to  eliminate  the  thrust  moment  about  the  hub.  The  blade  tip  shape 
was  obtained  by  rotating  the  airfoil  section  about  the  chord  line. 

The  model  rotor  and  thrust  stand  were  mounted  on  a  built-up  platform  anchored 
to  the  bed  of  a  three-quarter  ton  pick-up  truck  as  shown  in  figure  8.  This  placed 
the  rotor  disk  plane  about  fifteen  feet  above  the  pavement  and  about  ten  feet  above 
the  truck  cab  roof.  The  rotor  was,  in  effect,  mounted  in  an  inverted  position  so 
that  the  wake  passed  upward  into  an  air  space  relatively  undisturbed  by  the  passage 
of  the  various  struts  and  braces. 

Two  remotely  controlled  gun  cameras  were  mounted  on  outriggers  as  shown,  one 
at  the  side  and  one  at  the  front.  The  cameras  were  so  placed  that  their  optical 
axes  were  normal  to  and  intersected  the  no-feathering  axis. (in  this  case,  the  shaft 
axis)  at  the  latter's  blade  flapping  axis  Intersection.  Illumination  was  provided 
for  the  side  camera  by  a  row  of  twenty-seven  100-watt  aircraft  landing  lamps  mounted 
in  the  longitudinal  plane  about  seven  feet  below  and  approximately  parallel  to  the 


rotor  and  so  shielded  as  to  produce  an  upwardly  directed  rectangular  beam  of  light 
four  inches  thick  and  twelve  feet  long.  Thus  the  pictures  taken  from  the  side  were 
of  a  longitudinal  cross-section  of  the  wake.  Illumination  for  the  front  camera  was 
provided  by  four  RFL-2  reflector  flood  lamps  and  the  front  pictures  yielded  an  over¬ 
all  view  of  the  flow  field.  A  l/2  -  inch  f  1.5  lens  was  installed  in  each  camera. 

This  allowed  the  side  camera  to  cover  a  field  at  the  shaft  axis  of  about  eight  by 
eleven  feet  from  a  distance  of  fifteen  feet  and  the  front  camera  about  seven  by 
nine  feet  from  a  distance  of  about  twelve  feet.  Both  camera  speeds  were  set  at 
64  -  frames  per  second. 

Blade  azimuth  position  indicators  were  mounted  in  the  camera  field  of  view  on 
the  vertical  drive  shaft  housing  and  were  photographed  along  with  the  smoke  flow. 

These  indicators  were  merely  a  graduated  face  and  a  pointer  driven  by  a  selsyn 
motor  whose  generator  was  geared  to  the  drive  shaft. 

The  space  beneath  the  platform  was  divided  into  two  compartments.  The  aft 
compartment  contained  the  oscillograph  recorder,  a  four-channel  carrier  amplifier, 
a  band-pass  filter,  and  various  other  electrical  signal  filters  and  Junction  boxes. 

Installed  in  the  forward  compartment  was  a  gasoline  engine,  two  24-volt 
200-ampere  aircraft  generators,  four  6 -volt  storage  batteries  in  series  and  parallel 
to  the  load  as  line  voltage  stabilizers,  a  400-cycle  inverter,  and  a  fifty  gaiirm 
barrel  of  water  for  cooling  the  gasoline  engine.  The  gear  driven  generator  supplied 
a  constant  24-volt  source  for  t inverter,  the  lighting  system,  some  of  the  instru¬ 
mentation  components  and  the  cameras .  The  output  of  the  belt  driven  generator  was 
connected  directly  to  the  rotor  drive  motor.  The  output  of  this  generator  and  hence 
the  rotor  RFM  was  controlled  by  varying  the  voltage  supplied  to  the  generator's 
field. 

The  method  of  producing  smoke  was  both  Bimple  and  effective.  A  reservoir  for 
the  titanium  tetrachloride  was  mounted  on  top  of  the  rotor  hub  on  the  &xis  of  rota¬ 
tion.  A  short  piece  of  plastic  tubing  conducted  the  liquid  Into  a  one-eighth 
O.D.  stainless  steel  tube  buried  in  the  wooden  blade.  This  tube  emptied  into  a 
reservoir  stuffed  with  cotton  and  open  to  the  air  at  the  blade  tip.  Exposure  of 
the  titanium  tetrachloride  to  the  air  produced  a  thick  white  smoke  which  remained 
within  the  core  of  the  tip  vortex  and  clearly  showed  its  position  in  space.  7*^ 
amount  of  liquid  pumped  to  the  blade  tip  could  be  adequately  controlled  after  a 
little  experimentation  by  constricting  the  plastic  tube. 

In  addition  to  the  recording  on  film  of  the  position  in  space  of  the  tip  vortex 
with  the  blade  azimuth  position,  the  steady  state  thrust  component,  the  forward 
speed,  and  the  rotor  RFM  were  recorded  by  an  oscillograph  recorder.  The  steady  state 
thrust  was  measured  by  a  strain-gage  beam.  The  forward  speed  was  determined  by  count¬ 
ing  the  recorded  revolutions  of  an  autosyn  which  was  driven  by  a  fifth  wheel.  The 
RFM  was  determined  in  a  similar  manner  from  m  autosyn  geared  to  the  rotor  drive 
shaft.  An  attempt  was  also  made  to  measure  the  first,  and  second  harmonic  thrust 
variations  by  including  a  properly  tuned  band-pass  filter  in  the  strain  gage  circuit 
but  the  variations  were  of  the  same  level  as  tha  thrust  components  of  the  truck 
bounce  so  that  no  reliable  data  could  be  obtained. 
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The  tests  were  conducted  vithin  a  completely  enclosed  space  thirty  feet  wide, 
twenty-six  feet  high  at  the  eaves,  and  four-hundred  and  fifty  feet  long,  of  which 
about  two-hundred  and  seventy  feet  were  available  for  the  truck  movements.  The 
minimum  blade  clearance  occurred  at  the  tip  of  the  advancing  blade  which  passed 
within  about  six  feet  of  the  side  of  the  building.  This  was  a  necessary  compromise 
with  the  positioning  on  the  opposite  side  of  the  truck  of  the  side  camera  so  that 
its  field  of  view  would  be  great  enough. 

A  typical  test  run  began  with  the  truck  at  one  end  of  the  building  with  the 
rotor  hovering.  The  truck  was  accelerated  until  a  steady  forward  speed  was  reached 
at  which  point  the  data  vas  recorded.  The  truck,  and  then  the  rotor  was  stopped. 
The  necessary  controls  were  so  arranged  that  the  testing  could  be  accomplished  by 
one  man. 


Discussion  and  Results  of  the  Smoke  Studies 


It  should  first,  -erhaps,  be  pointed  out  that  the  flow  visualization  studies 
to  be  discussed  were  instituted  primarily  as  exploratory  research  into  the  basic 
problem  of  the  variation  of  the  inflow  velocity  at  the  blades  of  a  helicopter  rotor 
in  hovering  and  in  forward  flight.  The  main  efforts  were  directed  toward  proving 
the  validity  of  the  approach  and  the  setting-up  of  a  semi -empirical  theory  rather 
than  the  development  of  charts  and  tables  which  could  be  used  for  design  purposes. 
The  theory,  having  been  carried  as  far  as  possible  without  the  support  of  the  ex¬ 
perimental  data,  seemed  to  indicate  that  if  the  assumption  were  made  that  the 
presence  of  the  helical  sheet  of  vorticity  in  the  wake  had  no  effect  on  the  motion 
of  the  helical  vortex  shed  from  the  tip,  then  specifying  the  tip  vortex  strength 
coefficient,  the  angle  of  attack  of  the  tip  path  plane,  and  the  advance  ratio  along 
the  flight  path  would  specify  all  the  geometric  parameters  required  to  give  the 
position  of  the  vortex  in  space.  However  due  to  the  fact  that  the  project  was  com¬ 
mitted  to  a  very  limited  budget,  it  became  necessary  to  design  the  test  program 
around  the  available  equipment.  For  this  reason  the  independent  variables  were 
taken  to  be  the  blade  collective  pitch  angle,  the  angle  of  attack  of  the  axis  of 
no -feathering,  and  the  advance  ratio  along  the  flight  path,  i.e.  parallel  to  the 
ground.  The  values  chosen  for  these  parameters  were  as  follows. 


Blade  collective  pitch  angle,  -  8°,  9°>  10° 

Shaft  angle  of  attack,  -  -0.5°;  -4.5°;  -8.5° 

Advance  ratio  along  flight  path,y-lp -  0  to  0.15 


The  limitation  on  the  advance  ratio  was  established  by  the  truck  performance  in  the 
available  space  and  the  fact  that  slowing  up  the  rotor  so  decreased  the  strength  of 
the  tip  vortex  that  it  became  difficult  to  photograph  the  flow.  Experimental  thrust 
coefficients  versus  advance  ratio  are  given  in  figures  9,  10  and  11  for  various 
values  of  blade  collective  pitch  angle  and  shaft  angle  of  attack. 
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Typical  side  views  of  the  tip  vortex  are  shown  in  figure  12.  As  can  he  seen, 
the  motion  of  the  vortex  appears  to  be  quite  complex  and  the  distortion  which 
occurs  over  the  trailing  half  of  the  wake  is  very  clear.  Caere  is  no  indication 
from  any  of  the  pictures  taken  that  this  distortion  ceases  before  the  wake  is 
dissipated.  In  effect,  this  means  that  the  vortex  motion  is  not  steady  with  respect 
to  any  system  of  axes  as  was  to  be  expected.  Fortunately,  however,  it  is  periodic 
with  respect  to  blade  axes  and  can  be  approximated  rather  easily,  as  will  be  shown 
lat^r. 

A  totally  unexpected  phenomenon  was  observed  in  the  front  vievB  of  the  wake 
for  the  shaft  inclinations  of  -0.5°  and  -4.5°.  This  phenomenon  occurred  for  the 
former  case,  whenever  the  forward  cpeed  became  large  enough  so  that  the  leading 
edge  of  the  wake  was  swept  back  under  the  center  of  the  rotor,  and  in  addition  for 
the  latter  case  whenever  the  combination  of  the  blade  coning  and  blade  flapping 
angles  become  great  enough  so  that  the  blade  axis  in  the  forward  position  lay 
parallel  to  the  flight  velocity  vector.  Then  approximately  seconds  *>*ter  the 

vortex  was  shed  from  the  tip  of  the  blade  as  the  blade  passed  through  the  forward 
longitudinal  plane,  this  section  of  the  vortex  would  appear  to  be  literally  split 
and  thereafter  to  separate  at  the  longitudinal  plane.  Succeeding  frames  would  show 
both  ends  of  the  divided  vortex  quickly  disappearing  to  the  sides  and  downstream. 

It  is  known  that  the  fluid  in  this  region,  in  addition  to  its  radial  and  axial 
movement,  has  a  tangential  (or  at  this  point,  a  lateral)  velocity  component  away 
from  the  longitudinal  plane  of  the  wake  on  both  sides  of  this  plane.  Qualitatively 
therefore,  it  can  be  seen  that  this  would  tend  to  separate  the  fluid  elements  at 
this  plane.  A  sequence  of  photographs  retouched  to  make  the  phenomenon  reproducible, 
i»  given  in  figure  13 .  The  longitudinal  point  of  separation  in  all  cases  observed 
was  very  close  to  the  center  of  the  rotor.  The  phenomenon  was  not  observed  with  the 
shaft  inclination  set  at  -8.5°.  It  is  presumed  that  the  reason  for  this  was  that 
the  forward  speeds  attained  during  the  tests  were  not  sufficient  to  cause  the  ad¬ 
vancing  blade  to  flap  to  a  high  enough  angle  so  that  the  blade  feathering  axis  in 
the  forward  position  lay  parallel  to  the  flight  path. 

In  the  hovering  flight  case,  it  was  only  necessary  to  know  the  contraction  of 
the  wake  boundaries  and  the  vertical  displacement  along  the  boundaries  as  a  function 
of  the  azimuth  position  from  the  blade  in  order  to  determine  the  position  in  epace 
of  the  tip  vortex.  In  the  forward  flight  case,  an  additional  parameter  comes  into 
being.  This  is  the  displacement  of  the  wake  centerline  in  the  downwind  direction 
and  parallel  to  the  tip  path  plane.  To  define  these  parameters,  it  would  be  best 
to  orient  the  coordinate  system  so  that  the  XY  plane  coincides  with  the  tip  path 
plane  and  the  X  axis  intersects  the  blade  feathering  axis  at  the  blade  tip,  with  the 
positive  Z  direction  being  opposite  to  the  component  of  the  rotor  force  perpendicular 
to  the  tip  path  plane.  However,  for  the  same  reasons  previously  noted,  it  was 
necessary  to  orient  the  coordinate  system  so  that  the  Z  axis  lay  along  the  no-feather¬ 
ing  axis  and  the  Y-axis  coincided  with  the  blade  flapping  axis.  LTo  attempt  was  made 
to  correct  the  data  to  the  tip  path  plane  reference  system  because  the  measurement 
of  the  flapping  angle  from  the  photographs  was  not  sufficiently  accurate  and  it  was 
alco  felt  that  the  available  flapping  theory  was  net  accurate  enough  to  warrant  the 
additional  labor.  This  latter  view  is  supported  by  the  theoretical  and  experimental 
comparisons  in  references  6  and  19 • 


The  position  of  the  tip  vortex  in  space  vas  determined  from  a  frame-by-frame 
study  of  the  motion  pictures.  Hie  side  view  study  was  relatively  easy  since  the 
photographs  showed  a  longitudinal  cross-section  of  the  flow.  The  front  view,  how¬ 
ever,  required  extra  care  since  the  flow  was  moving  away  from  the  camera  and  hence 
the  measurements  had  to  be  corrected  for  this  movement  by  correlation  with  the 
longitudinal  pictures.  Only  the  longitudinal  and  lateral  points  of  the  vortex  were 
considered.  Thus  by  tracing  out  the  movement  of  these  segments  of  the  tip  vortex 
during  a  number  of  revolutions  of  the  blade,  it  was  possible  to  determine  the  l 
longitudinal  and  lateral  wake  boundaries.  Then  the  problem  arose  as  to  the  shape 
of  the  wake  boundary  in  the  quadrants  between  these  points.  Further  consideration 
of  the  data  showed  that  if  the  wake  boundaries  for  the  four  positions  were  plotted 
as  a  function  of  their  individual  azimuth  positions  from  the  blade,  then  the  four 
points  determined,  within  experimental  error  a  circular  cross-section  of  the  wake. 
It  was  therefore  assumed  that  through  each  point  on  the  wake  centerline,  it  was 
possible  to  pass  a  plane  whose  intersection  with  the  wake  boundary  vas  a  circle. 
These  circular  cross-sections  necessarily  become  tilted  both  laterally  and  longi¬ 
tudinally  with  respect  to  the  tip  pach  plane  as  they  progress  down  the  centerline 
of  the  wake.  This  tilt  back  was  predicted  in  reference  10  and, as  pointed  out  in 
that  reference,  will  affect  the  theoretical  calculation  of  the  wake  angle.  A 
typical  example  of  the  longitudinal  tilt  of  the  planes  of  the  circles  is  shown  in 
figure  14.  The  intersections  of  these  planes  with  the  longitudinal  plane  are  in¬ 
dicated  at  intervals  of  seconds  or  90°  of  blade  rotation. 

Further  consideration  of  the  flow  pictures  brought  out  the  possibility  that 
these  circular  cross-sections  of  the  wake  would  be  a  convenient  means  of  describing 
the  position  in  6pace  of  the  wake  boundary.  Investigation  of  the  data  with  this  in 
mind  showed  that  a  very  real  advantage  would  be  obtained  by  such  a  representation 
for  then  the  radius  of  a  point  on  the  central  curve  of  the  tip  vortex  as  measured 
from  the  centerline  of  the  wake  ^nd  in  the  plane  of  these  circles  become  a  function 
only  of  the  azimuth  position,  'Vr  ,  of  the  point  from  the  blade  feathering  axis  and 
hence  independent  of  the  azimuth  position,  ,  of  the  blade  itself.  Thus,  as  for 
the  hovering  case  but  neglecting  the  heavily  convergent  term, 

y  =  +  Ce-A'*']  (B-i) 

where  A  +  C  =  1  and  the  experimentally  measured  values  of  A  and  Aa  are  shown  in 
figures  15  and  l6.  As  may  be  seen  from  these  figures,  it  was  not  possible  to 
determine  a  variation  in  these  two  parameters  with  either  collective  pitch  or  shaft 
inclination.  It  is  believed  that  over  the  normal  range  of  blade  collective  pitch 
angles  and  shaft  inclination  for  low  speed  flight  close  to  the  horizontal,  this 
variation  would  be  small  and  hence  the  use  of  the  average  values  .shown  should  intro¬ 
duce  negligibly  small  errors  in  the  results. 

Now  it  is  necessary  to  determine  the  locus  of  the  centers  of  the  circular 
cross-section  of  the  wake.  It  was  observed  that  the  lateral  tilt  seemed  to  occur 
about  the  longitudinal  diameter  of  the  circle  while  the  longitudinal  tilt  appeared 
to  occur  about  the  trailing  edge  of  the  wake.  Since  there  was  no  observable  lateral 
movement  of  the  weke,  the  lateral  position  of  the  centers  posed  no  problem  as  they 
remained  in  the  longitudinal  plane  of  the  rotor.  However,  the  downwind  movement  of 
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the  center  in  the  longitudinal  plane  and  parallel  to  the  tip  path  plane  appeared 
to  he  made  up  of  two  components;  one,  a  translation  due  to  the  component  of  the 
flight  velocity  parallel  to  the  tip  path  plane  and  the  other,  a  component  due  to 
the  rotation  of  the  centers  about  the  trailing  edge  of  the  wake.  The  sum  of  these 
two  lotions  may  be  approximated  by  the  expression 

JARltvn.*.  +  [vr1-  (b-2) 

where  A*  is  the  difference  between  the  Z  motion  parameter  at  the  trailing  edge  and 
that  at  the  leading  edge  of  the  wake  and  eC  is  the  angle  of  attack  of  the  tip  path 
plane.  Experimental  values  of  the  parameter  are  plotted  versus  the  advance  ratio 
in  figure  17  for  VVvtt.  Note  that  the  contribution  of  the  tilt-back  of  the  circu¬ 
lar  cross-sections  accounts  for  about  10$  of  this  parameter. 

The  wake  skew  angle,  %  is  given  as  a  matter  of  interest  in  figure  18.  Due  to 
the  aforementioned  motions  of  the  tip  vortex,  it  was  necessary  to  reference  this 
angle  as  lying  in  the  longitudinal  plane  between  the  no-feathering  axis  and  the 
extended  trailing  edge  of  the  wake  as  shown. 

The  parameters  remaining  to  be  determined  are  those  describing  the  displacement 
of  the  tip  vortex  normal  to  the  tip  path  plane.  Again  it  is  necessary  for  the 
reason  as  stated  before  to  present  instead,  the  experimentally  determined  parameters 
which  describe  the  displacement  parallel  to  the  axis  of  no-feathering.  Plotting 
this  displacement  versus  the  azimuth  position  for  the  four  points  about  the  periphery 
of  the  wake  showed  that  there  were  three  distinct  sections  of  the  tip  vortex,  in 
each  of  which  the  rate  of  change  of  the  displacement  parallel  to  the  no-feathering 
axis  with  respect  to  azimuth  position  was  a  constant.  A  typical  plot  is  shown  in 
figure  19.  As  may  be  seen,  the  0-coordinates  of  the  tip  vortex  may  be  expressed 
very  simply.  Por  instance  for J4y<0.06  approximately 

*  K*+‘  °*  *'<27r  (B-3) 

s'*  -/MyR1'4*sQCi  +  2irRKl  +  l<9R(ir-2T)  zv<+<3n  (b-4) 

2#=  +  *K9R(i^jr)  3 (b-5)  . 

where  the  K’s  are  now  a  function  of  the  azimuth  angle,  K  ,  of  the  point  on  the  helix 
from  the  longitudinal  plane.  Por^^O.06  the  limits  of  equations  B-4  and  B-5  change 
und  the  expressions  become 

Z*  ■2rXlR  +  Kifl(ir-3T)  (b-6) 

The  advance  ratio  at  which  the  change  occurs  was  not  well  defined  so  that^yof 
0.06  was  arbitrarily  chosen  as  being  about  the  midpoint  of  the  scatter.  The  measured 


values  of  Klf  ,  and  Kj  are  given  in  figures  20,  21,  and  22. 

In  order  to  describe  these  parameters  mar  e  simply  over  the  quadrants  between 
the  four  measured  points,  it  was  decided  to  consider  the  trailing  two  quadrants  and 
the  leading  two  quadrants  separately  and  to  assume  a  variation  which  would  match  at 
the  lateral  positions.  An  expression  was  chosen  which  seemed  to  approximate  the 
variation  but  it  was  not  possible  to  verify  the  expression  from  the  experimental 
measurements.  Therefore  it  was  assumed  that  for  the  trailing  two  quadrants  of  the 
wake 

Sr  =  *  «V + *«*.♦  *  i  -  T 

*  *  j  (*v +  *"»„•)]  ^  ar  (s-8) 

and  for  the  leading  two  quadrants  of  the  wake 

S  -  *  O  *  *  O  i 

'*H  (B'9) 
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where  =1,  2,  3i  the  K's  are  read  from  figures  20,  21,  and  22  as  required;  and  the 
angle  Tf  ,  like  Y  ,  is  measured  in  the  direction  of  rotation  of  the  blade  and 
ranges  from  0  to  2f  . 

The  only  parameters  which  showed  a  detectable  variation  with  blade  collective 
pitch  angle  and  shaft  angle  of  attack  were  the  .  This  may  be  seen  by  comparing 
figures  20,  21,  and  22.  In  order  to  show  this  variation  mare  clearly,  these 
parameters  are  plotted  again  in  figures  23  through  30  as  a  function  of  advance  ratio 
and  blade  collective  pitch  angle  for  constant  shaft  angle  of  attack.  In  general, 
the  effect  of  Increasing  blade  collective  pitch  angle  is  to  increase  the  magnitude 
of  K*y  ,  while  tilting  the  shaft  axis  in  the  direction  of  mbtion  decreases  the 
magnitude. 

All  of  the  recorded  data  are  given  in  Tables  I  and  II.  Table  I  presents  the 
data  which  were  used  to  construct  figures  9,  10,  11,  and  15  through  30.  Table  II 
presents  the  remaining  unreduced  and  duplicate  data. 


Semi-empirical  Analysis  for  Inflow  Velocities  Associated  with  the  Tip  Vortex 


Having  determined  the  position  in  space  of  the  tip  vortex,  the  calculation  of 
the  flow  field  associated  with  this  voitex  becomes  a  fairly  straightforward  process. 
It  is  necessary,  however,  to  make  a  simplifying  assumption  as  to  the  distribution  of 


vorticity  in  the  rotor  wake.  It  will  be  assumed  that  the  strength  of  the  tip  vortex 
is  constant  with  azimuth  position.  This  assumption  also  implies  that  there  is  no 
azimuthal  variation  in  the  strength  of  the  vortex  sheet  which  is  shed  inboard  along 
the  blade.  Then  the  expressions  in  article  1^9  of  reference  17  may  be  used  to  calcu¬ 
late  the  entire  flow  i*ield  due  to  the  tip  vortex,  these  expressions  are 
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where  (x,  y,  z)  are  the  coordinates  of  the  point  tinder  consideration;  rU-}',*") 
define  the  position  in  space  of  t)ie  central  curve  of  the  tip  vortex,  £  ,  the 
distance  between  (jf,  y,  z)  and  and  ^  "the  strength  of  the  tip  vortex. 

The  coordinate  system  is  given  in  figure  31  where  it  will  be  noticed  that  the  tip 
path  plane  is  being  used  as  the  plane  of  reference  in  this  analysis. 

In  order  to  simplify  the  analysis,  the  core  of  the  vortex  (i.e.  that  part 
which  rotates  as  a  solid  body)  will  be  excluded  from  the  analysis.  Then  for  any 
other  point  In  space,  the  expression  for  the  velocity  components  associated  with 
the  tip  vortex  are  readily  determinable  as  will  be  shown  below. 

It  will  be  core  convenient  to  split  each  of  equations  B-10  into  three  intervals 
of  integration.  For  shortness  of  notation,  let 
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with  similar  expressions  for  and  •**  .  These  equations  must  he  evaluated  by 
graphical  or  numerical  means.  Hence  the  expressions  we  are  interested  in  are  the 
following 
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with  again  similar  expressions  for  and  9©  • 

From  the  preceding  section  which  describes  the  results  of  the  smoke  studies, 
we  get  the  coordinates  of  the  ijentral  curve  of  the  helix  with  respect  to  the  blade 
axes.  For  the  interval  03  t  <*JT 
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where  ^-/ r  ^  r  ^1*?"  is  determined  from  equations  B-8  and  B-9 

as  appropriate,  and  y  .  Ce~A*+J  .  Equations  B-20,  B-21  and  B-22  may  be 

easily  differentiated  with  respect  to  -p'  (remembering  that  t  ) .  For  given 


Xt  >  ^)i  >  >  jifi  j**1/*!  j  L  and (3-zj  may  be  calculated,  hence 

the  ,  3.,,  ,  and'  79l  for  a  sufficient  number  of  points  lb  within  the  interval  to 
allow  the  curves  to  be  plotted.  The  areas  under  these  curves  multiplied  by  the 
graphs’  scale  factor  and  are  the  inflow  velocities  at  the  point  x,  y,  z 
associated  with  the  first  turn  of  the  tip  vortex. 


For  the  interval 
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where  £*  =  ^x^~^\C3»;  ^jr^*'^J>#*  and  the  remaining  terms  and  the  contribution 
associated  with  this  segment  of  the  vortex  is  as  calculated  before. 

For  the  interval  3 TT  <ir  <  cO  j  *  0.04 
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For  0.06,  the  interval  becomes  Vy^7^<«0  and 
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where  L}~  '  ^\g0»  ;  ^is  and  the  remaining  terms  and  the  contribution 
associated  with  this  remaining  portion  of  the  vortex  is  as  calculated  before. 

The  velocity  components  thus  determined  are  parallel  to  the  XYZ  axes.  It  is 
usually  more  convenient  to  express  these  components  as  radial,  tangential,  and 
axial  velocities,  thus 
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For  the  blade  feathering  axis,  -X=x ^  for  0*Xfl.0  fy*0  f 
the  X'  }  ,  and  i '  equations  are  as  before.  Since  - o  •  Ux*Ur  •  u»*. 

Kj  *Mr  }  and  the  calculation  of  the  flow  field  associated  with  the  tip  vortex 
becomes  a  straightforward,  though  laborious  process.  It  is  somewhat  more  convenient 
to  make  the  J's  non-dimensional  by  multiplying  both  sides  of  the  equations  B-10  by 
R.  Thus  the  graphical  integrations  will  yield  ~p-1  Hr  ,  /fr  }  and  <l>Tri^ pr 

The  reason  for  this  will  become  evident  in  the  succeeding  section.  ^  T 

The  preceding  equations  hold  equally  well  for  hovering  flight  as  for  forward 
flight. 

Approximate  Analysis  for  Contributions  Associated  with  the  Vortex  Sheet 

The  motion  of  the  cortex  sheet  is  not  known  as  this  aspect  of  the  flow  was  not 
investigated.  However,  since  the  experimental  results  already  include  the  effects 
of  the  presence  of  the  vortex  6heet  on  the  motion  of  the  tip  vortex,  it  is  now 
possible  to  determine  the  effect  on  the  vortex  sheet  that  is  associated  with  the  tip 
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vortex  and  the  sheet  itself.  In  this  instance,  the  hovering  flight  assumption  that 
the  position  of  the  outer  vortex  filaments  are  independent  of  the  positions  of  those 
vortex  filaments  lying  inboard  of  them  but  not  vice  versa  is  not  valid.  It  is  quite 
apparent  that  due  to  the  asymmetry  of  the  distribution  of  vorticity  in  the  wake  such 
an  assumption  would  not  be  reasonable.  It  is  still  possible,  however,  to  calculate 
the  circulation  distribution  and  hence  the  entire  flow  field  by  working  inboard 
along  the  span  in  a  station-by-station  process,  and  adjusting  the  outboard  stations 
with  each  step  inboard.  About  the  only  reasonable  assumption  would  be  to  take  the 
stations  close  enough  together  so  that  the  strength  of  the  vortex  filament  shed 
between  stations  would  be  small  enough  so  that  the  self-associated  motion  could  be 
neglected.  Such  an  approach  shonld  yield  reasonably  accurate  aerodynamic  loadings 
but  to  attempt  to  make  these  calculations  without  the  aid  of  an  electronic  computer 
would  be  extremely  arduous  and  time  consuming. 

Qualitatively,  it  is  believed  that  the  sheet  shed  over  the  trailing  half  of  the 
disk,  for  the  most  part,  mores  rapidly  down  the  wake  somewhat  in  the  same  manner  as 
in  the  hovering  flight  case.  However,  in  certain  regions  of  the  leading  half  and 
trailing  half  of  the  disk,  it  is  believed  that  the  sheet  moves  upward  initially  and 
then  coming  into  the  flow  field  associated  with  the  trailing  half,  passes  through 
the  rotor  disk  plane  and  then  also  moves  rapidly  down  the  wake.  If  this  flow  picture 
is  true,  then  even  an  empirical  approach  to  determining  the  sheet's  position  will 
become  difficult.  In  addition,  it  would  seem  that  a  further  consequence  of  this 
type  flow  picture  would  be  that  in  certain  areas  of  the  disk,  the  inplane  induced 
velocities  normal  to  the  blade  feathering  axis  would  become  extremely  important. 

For  instance,  the  measured  aerodynamic  loadings  of  references  4  and  6  give  no  indi¬ 
cation  of  a  reversed  flow  region  on  the  retreating  blade.  An  Inplane  induced 
velocity  could,  among  other  things,  explain  the  failure  of  this  region  to  be  in 
evidence. 


In  view  of  the  preceding  short  discussion,  it  is  rather  obvious  that  to  take 
the  vortex  sheet  Into  account  in  a  reasonably  accurate  manner  would  present  many 
difficulties  and  in  the  end,  might  not  be  worth  the  effort.  To  include  its  asso¬ 
ciated  effects  in  an  easy  to  handle,  approximate  manner,  however,  might  be  well 
worthwhile.  One  fairly  simple  way  would  be  to  consider  the  sheet  to  be  replaced  by 
a  series  of  concentric  cylinders  of  uniform  vorticity  and  to  use  the  method  of 
reference  11.  A  second  way  would  be  to  assume  that  the  blade  circulation  distribu¬ 
tion  inboard  of  the  maximum  point  is  triangular  in  form,  falling  to  zero  at  the 
blade  root.  Then  assuming  that  each  vortex  filament  shed  from  a  blade  station 
maintains  the  same  relative  position  with  respect  „o  that  station  as  the  tip  vortex 
does  with  the  blade  tip,  we  may  use  the  equations  developed  for  the  tip  vortex, 
properly  Interpreted,  to  determine  the  flow  field  associated  with  each  filament. 

It  is  this  latter  approach  that  will  be  dealt  with  in  the  following  paragraphs.  It 
should  be  noted  that  neither  of  these  approximations  bear  much  resemblance  vith  the 
physical  picture,  though  it  Is  felt  that  the  latter  is  considerably  closer  than  the 
former. 

•/rfl  .  dirft 

Using  this  latter  assumption,  once  the  integrals  t>T ,  ,  and  gy  /**r 

have  been  evaluated  and  plotted  over  the  entire  flow  field  of  the  tip  vortex,  these 
numerical  solutions  may  be  i elated  to  each  vortex  filament  in  the  following  manner. 
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Consider  a  point  (£■)  in  the  flow  field.  Then  the  contribution  associated 

with  the  tip  vortex  may  be  read  directly  from  the  graph  or  chart.  For  instance 
let 
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For  each  vortex  fLlamer^t  shed  at  blade  station  *m  ,  the  contributions  ere  read  at 
the  point  (*jpg r  )  on  the  same  graph  but  with  the  opposite  sign.  For 

instance  let  * 
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where  -jf  is  the  strength  of  the  filament,  assuming  that'  the  sheet  is  approximated 
by  N  vortex  filaments.  The  velocity  components  at  the  point  (x,  y,  z)  for  the 
assumed  vcrticity  distribution  are  then 
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There  still  remains  the  problem  of  determining  the  strength  of  the  tip  vortex. 

In  the  general  case,  the  determination  becomes  a  trial  and  error  process  in  that  it 
will  usually  be  necessary  to  assume  a  value  of  )t  in  order  to  determine  the  parameters 
and  then  to  compute  X.  as  a  check  on  this  assumed  valt  j,  ultimately  by  the  equation. 
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Where  X.  is  the  maximum  value  over  the  blade  span  if  this  maximum  occurs  close  to 
the  blade  tip.  Actually  the  value  of  M/w  will  vary  with  azimuth  position  but  such 
a  variation  is  outside  the  scope  of  this  paper.  A  good  approximation,  at  least  for 
low  values  of  the  advance  ratio,  would  be  to  determine  the  steady  thrust  coefficient 
and  then  to  read  the  value  of  the  vortex  strength  coefficient  from  figure  S  , 
Remembering  that  these  C^'s  contain  the  hovering  flight  parameter  A * . 

hew  it  is  possible  to  determine  the  blade  spanwise  aerodynamic  loading  by  means 
of  the  blade  element  theory.  Thus 
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where  the  inplane  component  of  induced  velocity  ,  has  been  included  for  the 

reason  mentioned  before,  and  below  the  stall  and  a.  for 

below  the  stall  and  ,  above  the  stall  must  be  determined  from  wind  tunnel  data 
at  the  proper  Reynold's  Number. 


Sample  Calculation  and  Discussion 

In  order  to  illustrate  the  results  which  may  be  obtained  from  this  seml- 
enrpirical  approach,  the  blade  spanvise  aerodynamic  loadings  were  calculated  for  the 
test  rotor  with  the  blade  in  the  upwind  and  downwind  positions.  The  test  conditicns 
were  as  follows:  0  =  10°;^4y  =  0.05;  =  -4.3°;  the  measured  wake  angle  was  45°; 

and  the  measured  steady  component  of  the  thrust  coefficient  was  0.00378.  The 
various  parameters  were  cjeasured  from  the  pictures  of  the  flow  and  the  X*  , 

J&i* *  and  3  s  were  calculated  in  the  indicated  straightforward  manner. 
However,  only  the  normal  component  cf  induced  velocity  was  calculated  at  the  blade 
feathering  axis  position  across  the  longitudinal  diameter  of  the  tip  path  plane  by 
means  of  equation  B-10-c.  The  tip  vortex  strength  coefficient  was  determined  from 
figure  5  as  0.00600  so  that  the  non-dimensionalizing  factor  was  2.00.  A 
typical  evaluation  of  the  integral  for  the  non-dimensional  normal  component  of  in¬ 
duced  velocity  is  given  in  figure  32  for  the  center  of  the  disk  with  the  rotor  blade 
in  both  the  upwind  and  downwind  positions.  For  the  upwind  position  the  area  under 
the  curve  (including  an  estimate  for  T^>1800°)  gave  an  induced  velocity  at  the 
center  of  6.98  ft/sec;  in  the  downwind  position,  7.76  ft/sec,  thus  showing  the 
periodicity  of  the  flow.  (Glauert's  value  of  the  induced  velocity  for  this  condition 
is  6-95  ft/sec.)  This  figure  also  chov3  very  clearly  the  contributions  to  the  in¬ 
duced  velocity  associated  with  each  segment  of  the  tip  vortex.  The  peaks  result 
from  the  rotor  moving  forward  over  the  segment  of  the  tip  vortex  shed  over  the  up¬ 
wind  quadrant  of  the  disk.  As  the  directly  upwind  segment  passes  under  the  center, 
its  contribution  of  course  becomes  negative. 

Figures  33  and  34  give  respectively,  the  non-dimensional  normal  component  of 
induced  velocity  across  the  longitudinal  diameter  of  the  tip  path  plane  when  the 
single  blade  is  in  the  downwind  position  and  in  the  upwind  position.  A  comparison 
is  also  made  with  the  calculated  results  of  reference  10. 

Figure  35  shows  the  ncn-dimensional  normal  component  of  induced  velocity  at  the 
blade  feathering  axis  in  both  the  upwind  and  downwind  positions  toking  into  account 
the  contribution  associated  with  the  vortex  sheet  as  well  as  the  tip  vortex.  It 
will  be  remembered  that  the  assumption  was  made  that  the  motion  of  the  vortex  fila¬ 
ments  with  respect  to  the  point  at  which  they  were  shed  was  identical,  relatively, 
to  the  motion  of  the  tip  vortex  with  respect  to  the  blade  tip.  It  is  obvious  from 
the  calculated  results  that  this,  as  was  noted  before,  was  a  poor  assumption  when 
viewed  from  the  physical  viewpoint,  for  no  allowance  was  made  for  negative  velocities 
over  the  inboard  portions  of  the  blade  or  for  the  higher  positive  velocities  over 
the  cuter  portions.  About  the  best  that  can  be  said  at  this  point  is  that  this 


method  of  taking  the  vortex  sheet  into  account  is  better  than  none  at  all  - 

Figures  36  and  37  show  respectively,  the  calculated  blade  spanvise  aerodynamic 
loadings  of  a  single  blade  in  the  downwind  and  upwind  positions  using  three  different 
induced  velocity  distributions.  In  order  to  make  these  calculations,  it  is  necessary 
to  take  into  account  the  lateral  blade  flapping.  Since  it  was  not  possible  to 
measure  any  flapping  components,  nor  to  predict  a  sufficiently  accurate  value,  it 
was  decided  to  calculate  the  lateral  flapping  angle  which  would  make  the  first 
harmonic  thrust  moment  about  the  flapping  axis  zero.  It  was  found  that  a  flapping 
angle  of  about  one-eighth  of  a  degree  would  fulfill  this  requirement. 

Since  there  are  no  measured  pressure  distributions  for  a  single-bladed  rotor 
available  at  these  low  advance  ratios,  it  is  not  possible  to  evaluate  the  accuracy 
of  the  calculated  distributions.  It  will  be  noted  that  the  three  distributions 
compare  in  a  general  way  over  the  upwind  blade,  but  that  there  is  a  vast  difference 
over  the  span  of  the  downwind  blade.  However,  integrating  these  curves  to  find  the 
blade  thrust  6how6  that  the  method  of  this  paper,  i.e.  taking  into  account  both  tip 
vortex  and  vortex  sheet,  yields  answers  that  are  remarkably  close  to  the  measured 
steady  component  in  both  positions  while  yielding  distributions  in  loading  that 
are  appreciably  different  from  each  other.  The  measured  steady  component  of  the 
thrust  for  this  case  was  12.1  pounds  whereas  integration  of  the  downwind  calculated 
loading  gives  12. 38  pounds  and  integration  of  the  upwind  loading,  11*74  pounds.  It 
would  6eem  that  this  agreement  gives  an  indication  of  the  validity  of  the  present 
approach.  A  more  exact  determination  of  the  error  involved  would  require  pressure 
distribution  measurements  over  this  range  of  advance  ratios. 

There  are  several  approximations  which  may  affect  the  accuracy  of  the  analysis. 
One  of  these  is  the  assumption  that  the  strength  of  the  tip  vortex  is  constant  with 
respect  to  azimuth  position  in  forward  flight  when  it  is  obvious  from  the  calculated 
loadings  that  it  is  not.  This  simplification  was  made  in  order  to  limit  the  scope 
of  the  investigation.  For  example,  if  the  tip  vortex  is  assumed  to  vary  in  strength, 
then  the  associated  radial  vortex  filaments  should  also  be  taken  into  account. 
Neglecting  one  and  not  the  other  might  yield  results  of  comparable  error  with  that 
obtained  by  talcing  the  vortex  strength  to  be  constant.  A  further  reason  for 
neglecting  this  variation  at  this  time  was  that  nothing  is  known  about  the  rotation 
of  the  vortex  s;  stem  about  the  axis  of  the  wake .  Thus  a  vortex  segment  of  strength 
X-  shed  at  "f  *  0°  could  sometime  later  have  rotated  to  a  position  ±  ■&  .  To  have 
determined  this  rotation  would  be  an  investigation  in  itself.  Finally,  if  the  tip 
vortex  strength  is  taken  as  constant,  then  the  increments  in  velocity  at  a  point 
that  are  associated  with  certain  segments  of  the  tip  vortex  will  he  too  small  while 
those  increments  associated  with  other  segments  will  be  too  large  and  there  will  be 
a  tendency  for  the  errors  to  cancel  each  other. 

Another  approximation  which  was  made  was  the  use  of  an  average  value  for  the 
radius  of  the  core  of  the  tip  vortex.  This  value  was  taken  to  be  about  one  and  one- 
half  percent  of  the  rotor  l-adius.  Tie  smoke  studies  indicated  that  the  radius  of 
the  core  increased  with  distance  down  the  wake,  but  again  this  area  of  the  investiga¬ 
tions  was  by-passed.  However,  it.  is  of  sufficient  importance  to  warrant  further 
investigations,  because  an  error  in  the  radius  of  the  vortex  core  can  lead  to  appre- 
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ciable  errors  in  the  calculated  velocity  components  near  the  vortex.  This  is  par¬ 
ticularly  important  near  the  blade  tip. 

The  approximate  manner  in  which  the  vortex  sheet  was  considered  also  introduces 
an  appreciable  error  in  the  values  of  induced  velocity  particularly  near  the  center 
of  the  rotor.  However,  since  very  little  thrust  is  produced  over  the  inboard  portion 
of  the  blade,  this  should  have  little  effect  on  the  outer  loading  or  the  integrated 
loading. 


Concluding  Remarks 


A  new  approach  to  the  problem  of  the  determination  of  the  induced  velocities 
about  an  isolated  rotor  in  hovering  and  in  forward  flight  has  been  investigated.  It 
has  been  shown  that  a  smoke  study  of  the  vortex  pattern  in  the  rotor  wake  can  very 
clearly  indicate  the  complexity  of  the  flow  and  that  from  such  studies,  it  is 
possible  to  determine  the  position  in  space  of  the  tip  vortex.  Knowing  this  position 
and  by  taking  into  account  the  approximate  strength  and  geometry  of  the  vortex 
sheet  shed  from  the  inboard  portion  of  the  blade,  it  is  then  possible  to  calculate 
the  blade  spanwise  aerodynamic  loading.  The  integrated  value  of  this  loading  curve 
compared  very  closely  with  the  steady  thrust  component.  It  was  concluded  that  the 
evaluation  of  the  accuracy  of  the  method  must  await  comparisons  with  experimental 
pressure  distributions  or  velocity  measurements. 

An  unexpected  forward  flight  phenomenon  was  observed  at  the  higher  speeds. 

This  phenomenon,  as  interpreted  from  the  smoke  pictures,  appeared  to  involve  either 
a  continuous  annihilation  of  the  tip  vortex  filament  located  at  the  front  of  the 
wake  and  a  turn  or  two  below  the  disk  or  a  splitting  of  this  filament  at  the 
longitudinal  plane. 


i 


5¥ 


... 


I 


f|1 


■  -  -  .  ^ .  _*K.' VT  ':lT  *  -  •*  *\^- '2j\ 

"  ,-••  ■•  •  •■;-*<'i'  I  y  •>  ••»*'  ..a  I.  niina^i 


References 

1.  Gray,  Robin  B.:  A  Review  of  Rotor  Induced  Velocity  Field  Theory.  Princeton 

University  Aero.  Eng.  Dept.  Report  No.  248,  Jan.  1954. 

2.  Gessow,  Alfred:  Review  of  Information  on  Induced  Flow  of  a  Lifting  Rotor. 

NACA  TN  3238,  Aug.  1954. 

3.  Payne,  P.  R.:  Induced  Aerodynamics  of  Helicopters.  Aircraft  Engineering, 

Vol.  XXVIII,  Nos.  324-327,  Feb.  -  Ifey  1956. 

4.  Meyer,  John  R.  Jr.  and  Falabella,  Gaetano  Jr.:  An  Investigation  of  the 

Experimental  Aerodynamic  Loading  on  a  Model  Helicopter  Rotor  Blade. 
NACA  TN  2953,  May  1953. 

5-  Nikolsky,  A.  A.  and  Gray,  Robin  B.:  Determination  of  the  Effective  Axial 
Induced  Flow  Pattern  through  a  Helicopter  Rotor  from  Pressure 
Measurements.  Princeton  University  Aero.  Eng.  Dept.  Report  No.  279» 
Oct.  1954. 

6.  Falabella,  Gaetano  Jr.  and  Meyer,  John  R.  Jr.:  Determination  of  Inflow 

Distributions  from  Experimental  Aerodynamic  Loading  and  Blade-Motion 
Data  on  a  Model  Helicopter  Rotor  in  Hovering  and  Forward  Flight. 

NACA  TN  3492,  Nov.  1955. 

7.  Rabbott,  John  P.  Jr.:  Static-Thrust  Measurements  of  the  Aerodynamic 

Loading  on  a  Helicopter  Rotor  Blade.  NACA  TN  3688,  July  1956. 

8.  Eeyson,  Harry  H.:  Preliminary  Results  from  Flow -Field  Measurements  around 

Single  and  Tandem  Rotors  in  the  Langley  Full-Scale  Tunnel.  NACA 
TN  3242,  Nov.  1954. 


9.  Heyscn,  Harry  H.:  Analysis  and  Comparison  with  Theory  of  Flow-Field 

Measurements* near  a  Lifting  Rotor  in  the  Langley  Full-Scale  Tunnel. 
NACA  TN  3691,  April  1956. 

10.  Castles,  Walter  Jr.  and  De  Leeuw,  Jacob  Henri:  The  Normal  Component  of 

the  Induced  Velocity  in  the  Vicinity  of  a  Lifting  Rotor  and  Some 
Examples  of  Its  Applications.  NACA  TR  1184,  1954. 

11.  Heyson,  Harry  H.  and  Katzoff,  S.:  Normal  Component  of  Induced  Velocity  in 

the  Vicinity  of  a  Lifting  Rotor  with  a  Nonuniform  Disk  Loading. 

NACA  TN  369O,  April  1956. 

12.  Goldstein,  S.:  On  the  Vortex  Theory  of  Screw  Propellers.  Proc.  Royal 

Society  of  London,  Ser.  A,  Vol.  123,  No.  792,  April  6,  1929, 
pp  440-465. 


13.  Lock,  C.N.H.:  Application  of  Goldstein's  Theory  to  the  Practical  Design 
of  Airscrews.  British  ARC  R&M  .1377,  Nov.  1930. 


5  5 


14.  Levy,  H.  and  Forsdyke,  A.  G-:  The  Steady  Motion  and  Stahl Jity  of  a 

Helical  Vortex.  Proc  Royal  Society  of  London,  Ser.  A,  Vol.  120, 

1928,  pp  670-690. 

15.  Hirsch,  Rene:  Determination  et  Calcul  des  Helices  D 'Avis,  ns  Optima,  Simples 

et  Coaxiales.  Tome  I  &  II.  Publications  Scientifiques  et  Techniques 
du  Minstere  de  L'Air,  Ho.  220,  1944;  No.  225,  1949. 

16.  Kawada,  Sandi:  Calculation  of  Induced  Velocity  by  Helical  Vortices  and 

Its  Application  to  Propeller  Theory.  Report  of  the  Aeronautical 
Research  Institute,  Tokyo  Imperial  University,  No.  172,  Vol  XIV,  I, 
Jan.  1939. 

17.  Lamb,  H.:  Hydrodynamics.  Sixth  Edition,  Dover  Publications  (\»y  special 

arrangement  with  Cambridge  University  Press  and  the  Macmillan  Co.) 
1945,  Cap.  VII. 

18.  Gray,  Robin  B.:  On  the  Motion  of  the  Helical  Vortex  Shed  from  a  Single - 

*  Bladed  Hovering  Model  Helicopter  Rotor  and  Its  Application  to  the 

Calculation  of  the  Spanwise  Aerodynamic  Loading.  Princeton  University 
Aero.  Eng.  Dept.  Report  Ho.  JL3>  Sept.  1955* 

19.  Owen,  T.  B.,  Fall,  R.,  and  Eiyre,  R.C.W.:  Wind  Tunnel  Tests  on  a  6  ft. 

Diameter  Helicopter  Rotor.  British  ARC  CP  No.  2l6,  May  1955. 


SUMMARY  Of  DATA  ON  A  8IN0LE-B LADZD  ROTOR  IN  FORWARD  FLIGHT 


i  i  i ! ! !  m 

MU!!! 

!!!!!!!!! 

!!!!!!! 

Mil!!!?! 

!!!!!!! 

!!!!!?!!! 

!!!!!!! 

3338 
•  •  •  • 
o  o  o  o 


!!!!!!! 

!  1 ! ! 

MU 

!!!! 

!!!!!!! 

Mi! 

! !  { ! 

!!!! 

!!!!!!! 

!!!! 

!!!! 

!!!! 

mmo 

mu 

1 

mu 

\mm 


h  00  *•  ■or)'# 

}  } I  i §S§ S  t  8  188  8 

14  ooo  1  *  0*000 


n  o  r>  c 

•  1  !  I  «o  #  »o  w  • 
I  I  I  I  OOOO  I 

!•«*  •  •  •  •  i 

o  o  o  o 


imw.n 

ooo 


«o  <g  #  #  K 

8f  ,  t  HHHHH 
I  I  |  *-•  O  O  O  O 
•  I  «  4  ••••• 

O  O  O  O  O  O 


seo#  Q 

8383  IS 

•  •  •  •  I  • 

o  o  o  o  o 


•  O  *0  0  CM  f  A  H« 

88  13883  3388 


8  8  8  3 
•  •  •  • 
o  o  o  o 


<#  «0  «Q  <D 

8388 


to  «  ■# 
888 

I 

8  § 

OOO 

i 

O  O 

222a 

o  o  o  O 


8888 
•  •  •  • 
o  o  o  o 


ill  IIP.5. 

o  c  o  o  o 


o  o  o  o 

HH  •• 
N  *>  #  I  lOUHH 


lOVftH 

2888338  8838 
««••••(  •  •  •  • 
0009000  OOOO 


#  #  h  h 
H  H  N  H 

OOOO 

I  •  •  I 

OOOO 


8  §  8 1 
•  •  •  • 
OOOO 


353S 


pill  III 


if!!  illl 


«nno  or 

H  H  H  H  H 

OOOO  o 
•  •  •  •  • 

OOOO  o 


co  e  k  »  m 

SS88  8 
•  •  •  •  • 
OOOO  O 


o  o  o  o  o 

532SI  3  111 


W£  -aw 

OOOO  o 


«0M«O  !•  to 

U  M  N  M  M  I  •  I  o* 

•  ••••I  •  I  • 

O  WO  H«  I  H  O 


M  n 

OOOO  nOOO  OOO  I 


o*  *  1  1  3o-8«53  I  oo*<J  1  o‘o*o* 


- 1 iiiiimi  i!ii!ii 


M  M  !  M  M  M  U  !  i  ! 


#•«  Htoto  |  icort'iHioia 


gg«ni 


!  M  !  M  ! 


! ! ! !  i !  I 


A»«0  I  O 
•  •  •  •  I  • 

OOOO  I 


8  m  Hb  «  I  i>  J3  lO  N  H  ffl 
OOOO I ooooooo 

•  ••••I  ••••••• 

OOOOO I OOOOOOO 


000IONH0 


OOHlOf 
h  n  o  a  y 

o  8  8  8  < 

•  •  •  • 

O  O  O  o  < 


ml  1§§§  sm 

• • • •  ••••  •••• 
OOOO  OOOO  OOOO 


H«  HH 

I  •  •  t  •••• 

#  IO  #  to  OOHN 
rt  H  rt  rt  H  H  H  r4 


OH®  4.  O  «•  O  ®  H  f  N  B 
HiDNCA  «#  h  »  o  NHWO 

8838  3888  8838 

•  •••  ••••  •••• 
OOOO  OOOO  OOOO 


«OH» 
•  •  •  • 
Oone 


»>00® 

w  «  h  a 

HrtHH 
•  •  •  • 
OOOO 


s 


a  33 


M>  w  n  n  *  « 


«A4>nOoo> 
•  •••••  • 
n  a  a  h  f)  co  to 


a  «  «  ® 
n  n  «  w 


°o 

H 


«0  <0 

#  # 

§  § 


O 


H  N  «  f 

14  11 


*  o  o  -a  •  4  p  o  tj  ® 

l>  n  F)  <1  «  «  ♦  ®  O  4-  4*  N  N  ffl  o  fl  n, 

H  J  )  F!  F)  F)  «  F)  FI  F*  W«  f  ♦  «F  *  V)  VA 

rt-owitinjoion®  n  n  0  n  0  f>  «)  *> 

nnrtnnrjrtF'o  ««  «ir)  u  f;  n  v> 
000000000  OOOOOOO  o 


N  T*.  4*. 

v>  n  »  » 

tt  to  to  *3 

OOOO 


*f»  f-»  a  rt 

0  <n  w»»  o 
»i  r)  f)  m 

3n  rt  fj 

OOO 


TABLE  II 


UNREDUCED  AND  DUPLICATE  DATA 


Date 

Record 

Numbor 

Run 

Number 

e 

e. 

*5 

n 

V 

U 

2/1/56 

032 92 & 

0.00255 

10° 

0.0° 

40.7 

00.00 

0.0000 

10.9 

03292b 

41.0 

5.20 

0.0317 

— 

03292c 

44.1 

10.38 

0.0588 

— 

03292d 

39,4 

14.43 

0.0916 

— 

03293 

43.8 

15.92 

0.0908 

—  » 

03294 

-5 

41.8 

2.62 

0.0151 

— 

03296 

-6 

44.1 

16.50 

0.0936 

— 

03298 

-7 

43.3 

5.76 

0.0333 

— 

2/1/56 

R  ’  *  T"  ■ 

IIA-0 

0.00255 

9° 

0.0° 

45.3 

00.00 

0.0000 

11.9 

Rl/lil-  • 

-1 

43.5 

3.46 

0.0199 

03304 

-2 

43.3 

4.53 

0.0262 

ns 

03306 

-3 

42.2 

9.35 

0.0554 

gg | 

03309 

.4 

45.8 

12.70 

0.0692 

03311 

-5 

48.4 

15.88 

0.0821 

B 

2/1/56 

IIIA-0 

0.00255 

8° 

0.0° 

43.0 

00.00 

0.0000 

9.4 

-1 

44.1 

2.89 

0.0164 

— 

03320 

-2 

42.2 

6.08 

0.0301 

-3 

43.1 

8.38 

0.0485 

— 

03324 

-4 

44.0 

14.94 

0.0849 

... 

03326 

-5 

48.2 

15.77 

0.0818 

— ~ 

3/5/56 

IC-0 

0.00242 

8° 

m 

37.4 

00.00 

0.0000 

6.9 

-1 

. 

34.9 

7.39 

0.0530 

7.2 

03457 

-2 

mm 

34.6 

4.35 

0.0314 

6.5 

03458 

-3 

1  1 

35.2 

16.18 

0.1150 

8.0 

03462 

-4 

1  1 

34.4 

2.63 

0.0191 

6.1 

03461 

-5 

■ 

16.2 

18.32 

0.282 

■fill 

3/5/56 

03465 

I IC-0 

0.00242 

9° 

0 

to 

. 

1 

36.3 

00.00 

0,0000 

7.7 

03466 

-1 

34.1 

2.82 

0.0206 

7.1 

-2 

33.7 

4.63 

0.0344 

7.3 

03470 

-3 

35.4 

14.75 

0.1042 

8.8 

3/5/56 

IIIC-0 

0.00242 

10° 

asa 

39.0 

00.00 

0.0000 

10.2 

-1 

1 

37.7 

4.95 

0.0328 

10.4 

03476 

-2 

34.7 

3.91 

0.0281 

8.9 

03478 

-3 

b 

36.2 

16.45 

0.1138 

11.0 

3/S/5S 

03487a 

ID-0 

0.00245 

10° 

45.0 

00.00 

0.0000 

13.8 

C3«187b 

-1 

ilH 

45.2 

4.38 

0.0242 

14.2 

03487c 

-2 

1 

43.2 

3.60 

0.0208 

13.0 

03488 

-3 

tr 

46.0 

14.17 

0.0770 

16.5 

03490 

-4 

......  1 

1 

45.0 

9.44 

0.052o 

15.2 

TABLE  II, 


(Continued. ) 


Date 

Record 

Number 

Run 

Number 

P 

Qc 

^5 

V 

I 

3/6/66 

IID-0 

0.00245 

9° 

-4.5° 

00,00 

0.0000 

I 

-1 

5.40 

0.0316 

-2 

42.4 

15.18 

0.0895 

12.5 

03497 

-3 

41.5 

3,42 

0.0206 

10.5 

03499 

-4 

43.0 

8.20 

0.0476 

11.9 

3/6/56 

03501 

IIID-0 

0.00245 

8° 

na 

41.1 

00.00 

0.0000 

8.8 

03503 

-I 

mm 

40.5 

3.23 

0,0199 

9.0 

03504 

-2 

1 

40.5 

6.46 

0.0399 

9.4 

03506 

-3 

u 

41.2 

12.03 

0.0730 

102 

03508 

-4 

■ 

41.9 

16.80 

0.1004 

10.9 

3/8/56 

IE-0 

0.00245 

8° 

m 

44.1 

00.00 

0.0000 

10.6 

-1 

~  I 

39.6 

3.82 

0.0241 

8.7 

■•X  a  •' 

-2 

1 

42.3 

5.54 

0.0328 

10.0 

03536 

-3 

42.0 

11.60 

0.0690 

11.0 

03538 

-4 

■ 

42.6 

15.20 

0.0891 

11.1 

3/8/56 

03540 

I  IE-0 

0.00245 

9° 

41.4 

00.00 

0.0000 

T 

03542 

-1 

41.1 

4.61 

0.0280 

03544 

-2 

41.0 

6.77 

0.0413 

10.7 

03546 

-3 

l 

41.6 

14.20 

0.0852 

11.7 

03548 

-4 

■ 

42.0 

17.28 

0.1029 

12.4 

3/8/56 

03550 

IIIE-0 

0.00245 

10° 

SE3 

40.3 

00.00 

0.0000 

11.0 

03552 

-1 

I 

40.2 

3.20 

0.0199 

10.8 

03554 

-2 

40.3 

7.29 

0.0452 

11.3 

03556 

-3 

f  ft 

40.7 

12,92 

0.0794 

12.2 

03558 

-4 

42.2 

17.92 

0.1062 

13.5 

03567 

-5 

■ 

41.5 

7.68 

0.0463 

11.8 

3/9/56 

... 

1 

0.00246 

1 m 

S3 

34.3 

00.00 

0.0000 

9*3 

1  Bfl 

32.9 

4.13 

0.0314 

9.0 

... 

tsM 

35.5 

6.35 

0.0447 

10.4 

f  0 

1  1- 

35.6 

12.43 

0.0873 

10.8 

— 

■ 

■ 

55.3 

15.20 

0.1076 

9.9 

3/9/56 

... 

IIF-l 

0.00246 

0 

0 

*•* 

93 

36,8 

4.11 

0.0279 

9.0 

... 

-2 

Ml 

37.5 

2.34 

0.0156 

9.0 

... 

-3 

1  ! 

39.0 

12.39 

0.0790 

11.1 

— 

-4 

■ 

39.5 

16.98 

0.1074 

11.6 

3/9/o6 

... 

III F— 1 

0.00246 

9° 

44,4 

3.88 

0.0218 

10.0 

... 

-2 

41.4 

7.82 

0.0472 

10.3 

... 

-3 

I 

42.8 

13.95 

0.0815 

10.8 

— 

-4 

■1 

40.0 

17.93 

0.1124 

10.3 

TABLE  II. 
(Continued. ) 


Record 

Number 


Run  _ 

Number  \ 


3, 


3/10/66 


3/10/56 


4/2/56 


3919 

3920 
3923 

03925 

03927 

03929 

03931 


IVF-1  0.00246  I  8°  I  -4.5° 


0.00240  8°  -4.5° 


IIG-1 

-2 

-3 

-4 

-6 


IIIG-1 

-2 

-3 

-4 

-5 


4/2/56 


4/2/56 


R 

l  nx : 


03937 

03939 


03941 

03944 

03947 

03949 

03951 


III-l 

-2 

-3 

-4 


IIII-l 

~2 

-3 

-4 

-5 


4/3/56 


3967 

3976 

3978 

039S0 

03982 


0.00240 


0.00240 


0.00244 


0.00244 


0.00244 


0.00242 


3.66 

9.46 

13.03 


00.00 

3.36 

4.97 

9.12 

15.61 

6.81 

3.46 


15.00 

2.92 

4.62 

7.48 


16.00 

3.55 

4.73 
8.34 

6.73 


00.00 

2.65 

4.31 

8.80 

12.52 


/V 

0.0212 

0.0545 

0.0795 


0.0456 

0.0182 

0.0366 

0.0775 

0.1037 


0.01?~ 

0.0368 

0.0693 

0.0763 

0.1137 


0.0000 

0.0195 

0.0322 

0.0573 

0.1008 

0.0420 

0.0217 


0.1048 

0.0189 

0.0296 

0.0475 


0.1047 

0.0242 

0.0319 

0.0560 

0.0455 


0.0000 

0.0166 

0.0278 

0.0532 

0.0810 


4/3/56 


4/3/56 


4/3/66 


4/4/56 


4/4/56 


4/4/o6 


4/6/56 


■ 


4/6/56 


Record 

Number 

03984 

03986 

03988 

03990 

03992 

03995 

03996 

03997 

03999 


04009 

04025 

04027 

04028 

04030 

04032 

04034 

04035 

04037 

04039 

04041 

04043 

04645 


04051 

04054 

04057 

04059 

04161 

04164 

04166 

04168 

04170 

04172 

04175 

04177 

04179 

04162 


IIK-1 

-2 

-3 

-4 

IIIK-1 

-2 

-3 

-4 

-5 

-6 


1 1 1.5-1 

-2 

-3 

-4 

-5 


TABLE  II. 
(Continued.) 


Run 

Number 

IIJ-1 

-2 

-3 

-4 

iiu-i 

-2 

-3a 

-3b 

-4 

IVJ-1 

-2 

-3 


0.00242  10°  -4.5' 


0.00236 


0.00236 


0.00240 


0.00240 


XI 

V 

-4.5° 

40.6 

3.32 

0.0204 

41.1 

5.32 

0.0324 

40.8 

7.61 

0.0466 

41.7 

14.72 

0.0881 

1 

it* 

. 

tr 

0 

35.7 

3.04 

0.0213 

37.8 

6.22 

0.0411 

38.0 

10.27 

0.0675 

+4.5° 

36.4 

*3.81 

0.0262 

-4.5° 

39.4 

16.93 

0.1074 

-.4.5° 

— 

— 

— 

40.3 

6.42 

Or 0398 

0.00236  10°  -4.5° 


9°  -4.5° 
+4.5° 
-4.5 


8°  -4.5° 


10°  -8.5° 


9°  ..9,5° 


42.4 

14.3 
23.0 
28.1 

34.2 

32.4 

36.5 

35.4 

34.4 

37.4 
18.0 

24.4 

35.3 

31.2 

18.2 

27.3 

34.8 

36.4 

36.8 
36.3 

35.8 

22.8 

27.5 

34.0 

34.7 

36.5 
22.2 
28.9 


00.00 

19.61 

19.52 

20.87 

18.24 

3.09 

11.45 

6.08 

7.31 

5.43 

22.23 

20.50 

8.68 

6.21 

21.10 

20.74 

2.86 

21.2 

00.00 

3.63 

8.71 


2.70 

7.13 

19.4 

20.3 

19.62 


0.0000 

0.343 

0.212 

0.1858 

0.1333 

0.0239 

0.0786 

0.0430 

0.0532 

0.0363 

0.309 

0.210 

0.0615 

0.0496 

0/290 

0.1900 

0.0205 

0.1456 

0.0000 

0.0250 

0.0510 


0.0199 

0.0514 

0.126 

0.244 

0.1700 


1.7 

4.7 

6.9 

10.3 

7.3 

9.0 

8.0 


TABLE  II. 


(Continued.) 


Cate 

Record 

Number 

Run 

Number 

P 

e. 

JQ 

V 

Mv 

T 

4/6/56 

IIIM-1 

0.00240 

8° 

-8.6° 

36.1 

2.54 

7.0 

-2 

37.5 

9.62 

0.0641 

7.8 

-3 

34.4 

75.00 

0.1089 

6.8 

04190 

-4 

22.8 

19.58 

0.2143 

2.8 

04192 

-5 

30.6 

18,83 

0.154 

6.8 

04194 

-6 

36.9 

5.30 

0.0359 

7.2 

4/7/56 

04218 

IMa-0 

0.00241 

8° 

-8.5° 

40.6 

00.00 

0.0000 

8.3 

04219 

-1 

40.8 

4.20 

0.0257 

8.7 

04220 

-2 

39.7 

2.05 

0.0129 

7.9 

04221 

-3 

41.7 

6.23 

0.0373 

9.1 

04223 

-4 

38.6 

11.89 

0.0770 

8.1 

04225 

-5 

41.5 

0.0964 

04227 

-6 

38.2 

|  -  ■  | 

0.1132 

04229 

-7 

26.0 

1 

0.1886 

04231 

-8 

34.6 

0.1445 

4/7/56 

04233 

I IMa-0 

0.00241 

9° 

-8.5° 

38.6 

00.00 

0.0000 

8.7 

04234 

-1 

38.2 

3.46 

0.0220 

8.6 

04235 

-2 

38.1 

5.44 

0.0357 

9.1 

04236 

-3 

38.3 

9.00 

0.0588 

9.7 

04238 

-4 

38.8 

6.71 

0.0433 

9.9 

04239 

-5 

36.2 

14.51 

0.1002 

9.3 

04240 

-6 

39.4 

18.91 

0.120 

04242 

-7 

24.0 

18.69 

0.1951 

04244 

-8 

31.6 

19.90 

0.1574 

4/7/56 

04247 

IIIMft-0 

0.00241 

10° 

-8.6° 

37.7 

00.00 

0.0000 

9.6 

04248 

-1 

39.6 

2.36 

0.0150 

10.4 

04249 

-2 

39.7 

5.05 

0.0318 

10,8 

04250 

-3 

39.8 

6.61 

0.0416 

11.5 

04252 

-4 

43.6 

8.05 

0.0461 

13.4 

042  53 

-5 

43.9 

13.34 

0.0760 

14.4 

04255 

-6 

40.8 

19.20 

0.1175 

12.4 

04267 

-7 

23.4 

19.87 

0.2118 

3.9 

04259 

-8 

32.6 

18.80 

0.1440 

7.9 

4/10/56 

04350 

1 0-0 

O.OC242 

8° 

-0.5° 

38.9 

00.00 

O.COOO 

7.7 

04352 

-1 

38.5 

12.05 

0.0781 

9.6 

04354 

-2 

35.4 

14.33 

0,1016 

8.8 

04356 

-3 

35.9 

19,92 

0.1388 

9.8 

04358 

-4 

18.2 

21,60 

0.297 

2.7 

04560 

-5 

26.0 

20.67 

0.1847 

6.2 

4/IO/56 

04376 

1 1 0-0 

0.00242 

9° 

-0.5° 

36.6 

00.00 

0.0000 

7.9 

04362 

-1 

19.3 

19.27 

0.2727 

3.6 

_  _  _  1 

04365 

-2 

30.6 

20.37 

0.1S62 

7.9 

G3 


TABLK  II 


(Concluded.) 


Date 


4/10/56 


4/10/56 


4/11/56 


4/11/56 


4/l]/56 


4/9/56 


4/9/55 


Record 

Run 

Number 

Number 

04367 

1 10-3 

04369 

-4 

04372 

-5 

04378 

11)0-0 

04380 

-1 

04382 

-2 

04385 

•3 

04387 

-4 

04389 

-5 

04391 

-6 

04416 

IP-0 

04418 

-1 

04420 

-2 

04422 

-3 

04424 

-4 

04426 

-5 

04428 

1 1  P-0 

04429 

-1 

04431 

-2 

04433 

-3 

04435 

-4 

04437 

-6 

04439 

II1P-0 

04440 

-1 

04442 

-2 

04444 

-3 

04446 

-4 

04448 

-5 

I  IN-1 
-2 
-3 
-4 
-5 

II IN-1 

-2 

-3 

-4 

-5 


0.00242 


0.00242 


0.00244 


0.00244 


0.00244 


0.00241 


0.00241 


n 

V 

T 

36.8 

21,28 

0.1447 

10.8 

17.9 

22.2 

0.310 

2.3 

37.2 

15.75 

0.1058 

10.1 

38.8 

00,00 

0.0000 

10.2 

15.5 

20.97 

0.338 

2.7 

27.0 

21.1 

0.196 

6.8 

36.3 

21.6 

0.148 

11.3 

18.8 

21.4 

0.285 

2.5 

36.6 

16.21 

0.1107 

11.7 

35.8 

7.29 

0.0509 

8.6 

34.4 

00.00 

0.0000 

8.0 

37.2 

3.16 

0.0212 

10.2 

37.2 

5.30 

0.0356 

9.8 

36.7 

7.57 

0.0516 

9.8 

36.6 

12.18 

0.0831 

10.5 

38.5 

17.18 

0.1115 

12.3 

38.5 

00.00 

0.0000 

9.3 

37.6 

3.39 

0.0226 

8.9 

35.0 

5.75 

0.0410 

7.8 

38.4 

9.38 

0.0610 

9.9 

36.1 

12.76 

0.0883 

9.3 

36.0 

16.02 

0.1115 

9.6 

34.0 

00.00 

0.0000 

32.6 

2.73 

0.0210 

6.0 

35.6 

4.70 

0.0330 

6.8 

36.1 

8.99 

0.0622 

8.0 

37,1 

13.36 

0.0900 

9.5 

36.9 

17.22 

0.1165 

9.5 

34.9 

3.14 

6.0225 

7.6 

38.2 

4.72 

0.0310 

9.0 

38.5 

9.18 

0.0596 

10.0 

39.0 

12.80 

0.0820 

10.7 

39,6 

16.02 

0.1012 

11.5 

36.1 

2.88  ' 

0.C200 

7.1 

36.4 

4.59 

0.C315 

7.2 

37,0 

8.04  ! 

0.0543 

8.2 

37.6 

13.07 

0.0869 

9.9 

38.6 

18.13 

0.1174 

11.3 

Figure  1.  The  vortex  pattern  in  the  wake  of  a  pingle-bladed 
hovering  helicopter  rotor  as  obtained  from  smoke 
studies. 


Tip  vortex  strength  coefficient  C> 


Figure  3.  Comparison  of  the  theoretical  and  experimental  values 
of  t.he  wake  contraction  exponent,  t  for  a  single* 
b laded  hovering  model  rotor. 
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Figure  4. 


Tip  vortex  strength  coefficient  G» 


Comparison  of  the  thoorotical  and  experimental  value 
of  the  ultimate  wake  helix  Ditch  angle  parameter, 
for  a  a ingle-'oladod  rovering  model  rotor. 


Tip  vortex  strength  coefficient  C 


Figure  5,  T^oreticrl  variation  of  the  tip  vortex  strength 

coefficient  versus  thrust  coefficient  of  a  single- 
fa  laded  hovering  model  rotor. 


Aerodynamic  loading,  Ib/ft 


Integrated  thrust 


Experiment  7.8  lbs 
Theory  7.73  lbs 

Goldstein  7.00  lbs 


Theory- 


0.005 
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gure  11.  Experimental  variation  of  thrust  coefficient  with  advance  ratio 
and  shaft  angle  of  attack  for  a  single-blade*  rotor  in  low  speed 
forward  flight.  0^  -  10.0° 


Figure  12.  Typical  side  view  of  the  vortex  shod  frons  the  tip  of 
e  single-bladed  rotor  in  low  speed  forward  flight. 

Time  between  frames  about  0.0164  seconds.  Run  No.  IH-3. 
Blado  moving  out  of  picture  in  forward  position. 
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ExparimenLtt] ly  determined  wake  contrnction  rntio  of  a  sin^la-bladed 
tr.odol  rotor  in  low  speed  forward  flighu. 


ariation  of  the  vertical  notion  parameter  in  the  longitudinal  plane 
rith  advance  ratio  for  a  single-b laded  model  rotor  in  low  speed  for- 
rard  flight.  -  9.0°,  Y  -  0°  and  180°. 


Figure  21b.  Variation  of  the. vertical  motion  parameters  in  the  longitudinal  plane 
with  advance  ratio  for  a  single-bladed  model  rotor  in  low  speed  for* 
ward  flight,  t#  •  9.0°,  Y  »  0°  and  180°. 


Figure  21c.  Variation  of  tho  vertical  motion  parameters  in  the  longitudinal  plane 
with  advance  ratio  for  a  single-b laded  model  rotor  in  low  speed  for¬ 
ward  flight.  0.  ■  10.0°,  ¥  ■  0°  and  180°. 
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pitch  angle,  and  shaft  angle  of  attack  for  a  single-bladed  model 
rotor  in  low  speed  forward  flight. 


0.05 


speed  forward  flight 


Open  symbols: 


Open  symbols:  a#=-4.5* 
Solid  symbols:  a.  »-8.5# 


flight  analysis. 


Figure'  32,  Evaluation  of  the  integral  for  the  non-dimensional  normal  component 
of  induced  velocity  at  the  center  of  the  tip  path  plane  for  the 
single  blade  ir.  the  upwind  and  downwind  position,  (Equation  B-lC-c) 


Flgurn  53,  Calculated  noh-diwanalanal  nemal  awnpenant  af  ifitluoed  velocity  aereot 
the  longitudinal  diameter  of  the  tip  path  plane  that  is  associated  with 
tho  tip  vortex  when  the  single  blade  is  ir.  tho  downwind  position. 


Aerodynamic 


Figure  36,  Calculated  blade  spanwise  aerodynamic  loading  of  a 
single  bladed  rotor  using  the  induced  velocities 
determined  in  this  paper  and  in  Reference  10  with 
the  blade  in  the  downwind  position. 


Measured  steady  state  thrust  component - 12,1  lbs 

Area  under  loading  curve  of  this  paper - 12,48  lbs 

First  harmonic  Cosmo  component, 

calculated  bo  that  the  first  harmonic 

flapping  moment  is  zero - -  0,32  lbs 


IOC 


‘  4^  . 


Aerodynamic  loading,  Ib/ft 
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